REPORT  DOCUMENTATION  PAGE 


2 


Form  Approved  OMB  NO.  0704-0188 


The  public  reporting  burden  for  this  collection  of  information  is  estimated  to  average  1  hour  per  response,  including  the  time  for  reviewing  instructions, 
searching  existing  data  sources,  gathering  and  maintaining  the  data  needed,  and  completing  and  reviewing  the  collection  of  information.  Send  comments 
regarding  this  burden  estimate  or  any  other  aspect  of  this  collection  of  information,  including  suggesstions  for  reducing  this  burden,  to  Washington 
Headquarters  Services,  Directorate  for  Information  Operations  and  Reports,  1215  Jefferson  Davis  Highway,  Suite  1204,  Arlington  VA,  22202-4302. 
Respondents  should  be  aware  that  notwithstanding  any  other  provision  of  law,  no  person  shall  be  subject  to  any  oenalty  for  failing  to  comply  with  a  collection 
of  information  if  it  does  not  display  a  currently  valid  OMB  control  number. 

PLEASE  DO  NOT  RETURN  YOUR  FORM  TO  THE  ABOVE  ADDRESS. 


1 .  REPORT  DATE  (DD-MM-YYYY)  2.  REPORT  TYPE 

Technical  Report 


4.  TITLE  AND  SUBTITLE 

Moderate  Deviation  Principles  for  Stochastic  Differential 
Equations  with  Jumps 


3.  DATES  COVERED  (From  -  To) 


5a.  CONTRACT  NUMBER 

W91  INF-12-1-0222 


5b.  GRANT  NUMBER 


6.  AUTHORS 

Paul  Dupuis,  Arnab  Ganguly,  Amarji  Budhiraja 


5c.  PROGRAM  ELEMENT  NUMBER 
611102 


5d.  PROJECT  NUMBER 


5e.  TASK  NUMBER 


5f.  WORK  UNIT  NUMBER 


7.  PERFORMING  ORGANIZATION  NAMES  AND  ADDRESSES 

Brown  University 
Box  1929 


8.  PERFORMING  ORGANIZATION  REPORT 
NUMBER 


Providence,  RI  02912  -9093 


9.  SPONSORING/MONITORING  AGENCY  NAME(S)  AND  ADDRESS 
(ES) 

U.S.  Army  Research  Office 
P.O.Box  12211 

Research  Triangle  Park,  NC  27709-2211 


10.  SPONSOR/MONITOR'S  ACRONYM(S) 
ARO 


11.  SPONSOR/MONITOR'S  REPORT 
NUMBER(S) 

61759-MA.10 


12.  DISTRIBUTION  AVA1LIBILITY  STATEMENT 
Approved  for  public  release;  distribution  is  unlimited. 


13.  SUPPLEMENTARY  NOTES 

The  views,  opinions  and/or  findings  contained  in  this  report  are  those  of  the  author(s)  and  should  not  contrued  as  an  official  Department 
of  the  Army  position,  policy  or  decision,  unless  so  designated  by  other  documentation. 


14.  ABSTRACT 

Moderate  deviation  principles  for  stochastic  differential  equations  driven  by  a  Poisson  random  measure  (PRM)  in 
finite  and  infinite  dimensions  are  obtained.  Proofs  are  based  on  a  variational  representation  for  expected  values  of 
positive  functionals  of  a  PRM. 


15.  SUBJECT  TERMS 

moderate  deviations;  large  deviations;  Poisson  random  measures;  stochastic  partial  differential  equations 


16.  SECURITY  CLASSIFICATION  OF: 

17.  LIMITATION  OF 

15.  NUMBER 

a.  REPORT 

b.  ABSTRACT 

c.  THIS  PAGE 

ABSTRACT 

OF  PAGES 

UU 

UU 

UU 

UU 

Paul  Dupuis 


19b.  TELEPHONE  NUMBER 
401-863-3238 


Standard  Form  298  (Rev  8/98) 
Prescribed  by  ANSI  Std.  Z39.18 


Report  Title 

Moderate  Deviation  Principles  for  Stochastic  Differential  Equations  with  Jumps 

ABSTRACT 

Moderate  deviation  principles  for  stochastic  differential  equations  driven  by  a  Poisson  random  measure  (PRM)  in 
finite  and  infinite  dimensions  are  obtained.  Proofs  are  based  on  a  variational  representation  for  expected  values  of 
positive  functionals  of  a  PRM. 


4 


Moderate  Deviation  Principles  for  Stochastic  Differential 

Equations  with  Jumps 


Amarjit  Budhiraja*  Paul  Dupuis j  Arnab  Ganguly* 


January  15,  2014 


Abstract 

Moderate  deviation  principles  for  stochastic  differential  equations  driven  by  a  Poisson 
random  measure  (PRM)  in  finite  and  infinite  dimensions  are  obtained.  Proofs  are  based  on 
a  variational  representation  for  expected  values  of  positive  functionals  of  a  PRM. 
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1  Introduction 


Large  deviation  principles  for  small  noise  diffusion  equations  have  been  extensively  studied  in 
the  literature.  Since  the  original  work  of  Freidlin  and  Wentzell  [63,  29],  model  assumptions  have 
been  significantly  relaxed  and  many  extensions  have  been  studied  in  both  finite-dimensional 
and  infinite-dimensional  settings.  In  [9,  11]  a  general  approach  for  studying  large  deviation 
problems  in  such  settings  has  been  introduced  that  is  based  on  a  variational  representation  for 
expectations  of  positive  functionals  of  an  infinite  dimensional  Brownian  motion.  This  approach 
has  now  been  adopted  for  the  study  of  large  deviation  problems  for  a  broad  range  of  stochastic 
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partial  differential  equation  based  models,  particularly  those  arising  in  stochastic  fluid  dynamics, 
and  also  for  settings  where  the  coefficients  in  the  model  have  little  regularity.  We  refer  the  reader 
to  [12]  for  a  partial  list  of  references.  Large  deviation  problems  for  finite  dimensional  diffusions 
with  jumps  have  been  studied  by  several  authors  (see  for  example  [53,  27]).  In  contrast,  it  is  only 
recently  that  the  analogous  problems  for  infinite  dimensional  stochastic  differential  equations 
(SDE)  have  received  attention  [60,  62],  In  [12]  a  variational  representation  for  expected  values 
of  positive  functionals  of  a  general  Poisson  random  measure  (or  more  generally,  functions  that 
depend  both  on  a  Poisson  random  measure  and  an  infinite  dimensional  Brownian  motion)  was 
derived.  As  in  the  Brownian  motion  case,  the  representation  is  motivated  in  part  by  applications 
to  large  deviation  problems,  and  [12]  illustrates  how  the  representation  can  be  applied  in  a  simple 
finite  dimensional  setting.  In  [10]  the  representation  was  used  to  study  large  deviation  properties 
of  a  family  of  infinite  dimensional  SDE  driven  by  a  Poisson  random  measure  (PRM). 

The  goal  of  the  current  work  is  to  study  moderate  deviation  problems  for  stochastic  dynam¬ 
ical  systems.  In  such  a  study  one  is  concerned  with  probabilities  of  deviations  of  a  smaller  order 
than  in  large  deviation  theory.  Consider  for  example  an  independent  and  identically  distributed 
(iid)  sequence  {T]}j>i  of  Revalued  zero  mean  random  variables  with  common  probability  law 
p.  A  large  deviation  principle  (LDP)  for  Sn  =  Y%  will  formally  say  that  for  c  >  0 

F(\Sn\  >  nc)  «  exp{— ninf{/(y)  :  \y\  >  c}}, 

where  for  y  6  Rd,  I(y)  =  supQg]Rd{(a,  y)  —  log  fRd  exp(a,  y)p(dy)}.  Now  let  {an}  be  a  positive 
sequence  such  that  an  T  °o  and  n~l/2an  ->  0  as  n  ->  oo  (e.g.  an  =  n1//4).  Then  a  moderate 
deviation  principle  (MDP)  for  Sn  will  say  that 

P(|Sn|  >  n1/2anc )  «  exp{— a2  inf{I°(y)  :  |y|  >  c}}, 

where  I°(y)  =  and  E  =  Cov(T).  Thus  the  moderate  deviation  principle  gives 

estimates  on  probabilities  of  deviations  of  order  v}^2an  which  is  of  lower  order  than  n  and  with 
a  rate  function  that  is  a  quadratic  form.  Moderate  deviation  principles  have  been  extensively 
studied  in  Mathematical  Statistics.  Early  research  considered  the  setting  of  iid  sequences  and 
arrays  (see  [57,  56,  1,  2,  3,  61,  59,  30]).  Empirical  processes  in  general  topological  spaces  have 
been  studied  in  [7,  8,  22,  13,  50,  17,  4],  The  setting  of  weakly  dependent  sequences  was  covered  in 
[35,  36,  14,  37,  6,  33,  20,  38,  24,  39,  21],  and  MDPs  for  occupation  measures  of  Markov  chains  and 
general  additive  functionals  of  Markov  chains  were  considered  in  [32,  64,  18,  19,  15,  40,  16,  31]. 

Moderate  deviation  principles  for  continuous  time  stochastic  dynamical  systems  are  less  well 
studied.  The  paper  [51]  considers  a  finite-dimensional  two  scale  diffusion  model  under  stochastic 
averaging.  Additional  results  involving  moderate  deviations  and  the  averaging  principle  were 
obtained  in  [42,  41,  52].  The  paper  [44]  considered  a  certain  diffusion  process  with  Brownian 
potentials  and  derived  moderate  deviation  estimates  for  its  longtime  behavior.  Moderate  de¬ 
viation  results  in  the  context  of  statistical  inference  for  finite  dimensional  diffusions  have  been 
considered  in  [25,  45,  34],  None  of  the  above  results  consider  stochastic  dynamical  systems  with 
jumps  or  infinite  dimensional  models. 
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In  this  paper  we  study  moderate  deviation  principles  for  finite  and  infinite  dimensional  SDE 
with  jumps.  For  simplicity  we  consider  only  settings  where  the  noise  is  given  in  terms  of  a 
PRM  and  there  is  no  Brownian  component.  However,  as  noted  in  Remark  2.9,  the  more  general 
case  where  both  Poisson  and  Brownian  noises  are  present  can  be  treated  similarly.  In  finite 
dimensions,  the  basic  stochastic  dynamical  system  we  study  takes  the  form 

X£(t)  =x0+  f  b(Xe (s))ds  +  [  eG(X£(s—),y)N£~1  ( dy ,  ds). 

Jo  Jxx  [0,t] 

Here  b  :  — ■>  Rd  and  G  :  x  X  — ■>  Rd  are  suitable  coefficients  and  N£  1  is  a  Poisson  random 

measure  on  X^  =  X  x  [0,T]  with  intensity  measure  s~1vt  =  E~lv  <S>  A t,  where  X  is  a  locally 
compact  Polish  space,  v  is  a  locally  finite  measure  on  X,  A t  is  the  Lebesgue  measure  on  [0,T] 
and  e  >  0  is  the  scaling  parameter.  Under  conditions  X£  will  converge  in  probability  (in  a 
suitable  path  space)  to  X°  given  as  the  solution  of  the  ODE 

X°(t)  =  b(X°(t))  +  [  G(X°(t),y)u(dy ),  X°(0)  =  x0. 

Jx 

The  moderate  deviations  problem  for  {X£}£>o  corresponds  to  studying  asymptotics  of 

(e/a2(e))logP(y£  <E  •), 

where  Y£  =  (X£  —  X °)/a(e)  and  a(e)  — >  0,  s/a2(e )  — >  0  as  e  — >  0.  In  this  paper  we  establish 
a  moderate  deviations  principle  under  suitable  conditions  on  b  and  G.  We  in  fact  give  a  rather 
general  sufficient  condition  for  a  moderate  deviation  principle  to  hold  for  systems  driven  by 
Poisson  random  measures  (see  Theorem  2.3).  This  sufficient  condition  covers  many  finite  and 
infinite  dimensional  models  of  interest.  A  typical  infinite  dimensional  model  corresponds  to  the 
SPDE 

dX£(u,  t)  =  (LX£(u,  t)  +  P(X£(u,  t)))dt  +  £  f  G(X£(u,t—),u,y)N£  1(ds,dy )  (1.1) 

Jx 

X£(u,  0)  =  x(u),  u  e  O  C  Rrf. 

where  L  is  a  suitable  differential  operator,  O  is  a  bounded  domain  in  and  the  equation  is 
considered  with  a  suitable  boundary  condition  on  dO.  Here  N£  is  a  PRM  as  above.  The 
solution  of  such  a  SPDE  has  to  be  interpreted  carefully,  since  typically  solutions  for  which 
LX£(u,t)  can  be  defined  classically  do  not  exist.  We  follow  the  framework  of  [48],  where  the 
solution  space  is  described  as  the  space  of  ROLL  trajectories  with  values  in  the  dual  of  a  suitable 
nuclear  space  (see  Section  2.4  for  precise  definitions).  Roughly  speaking,  a  nuclear  space  is  given 
as  an  intersection  of  a  countable  collection  of  Hilbert  spaces,  where  the  different  spaces  may  be 
viewed  as  “function  spaces”  with  varying  degree  of  regularity.  Since  the  action  of  the  differential 
operator  L  on  a  function  will  typically  produce  a  function  with  lesser  regularity,  this  framework  of 
nested  Hilbert  spaces  enables  one  to  efficiently  investigate  existence  and  uniqueness  of  solutions 
of  SPDE  of  the  form  (1.1).  Another  common  approach  for  studying  equations  of  the  form  (1.1) 
is  through  a  mild  solution  formulation  [58].  Although  not  investigated  here  we  expect  that 
analogous  results  can  be  established  using  such  a  formulation. 
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Large  and  moderate  deviation  approximations  can  provide  qualitative  and  quantitative  in¬ 
formation  regarding  complex  stochastic  models  such  as  (1.1).  For  example,  an  equation  studied 
in  some  detail  at  the  end  of  this  paper  models  the  concentration  of  pollutants  in  a  waterway. 
Depending  on  the  event  of  interest  either  the  large  and  moderate  deviation  approximation  could 
be  appropriate,  in  which  case  one  could  use  the  rate  function  to  identify  the  most  likely  interac¬ 
tions  between  the  pollution  source  and  the  dynamics  of  the  waterway  that  lead  to  a  particular 
outcome,  such  as  exceeding  an  allowed  concentration.  However,  the  rate  function  only  gives  an 
asymptotic  approximation  for  probabilities  of  such  outcomes  and  the  resulting  error  due  to  the 
use  of  this  approximation  cannot  be  eliminated. 


An  alternative  is  to  use  numerical  schemes  such  as  Monte  Carlo,  which  have  the  property 
that  if  a  large  enough  number  of  good  quality  samples  can  be  generated,  then  an  arbitrary  level 
of  accuracy  can  be  achieved.  While  this  may  be  true  in  principle,  it  is  in  practice  difficult  when 
considering  events  of  small  probability,  since  many  samples  are  required  for  errors  that  are  small 
relative  to  the  quantity  being  computed.  The  issue  is  especially  relevant  for  a  problem  modeled 
by  an  equation  as  complex  as  (1.1),  since  the  generation  of  even  a  single  sample  could  be  relatively 
expensive.  Hence  an  interesting  potential  use  of  the  results  of  the  present  paper  are  to  importance 
sampling  and  related  accelerated  Monte  Carlo  methods  [5,  54],  If  in  fact  the  moderate  deviation 
approximation  is  relevant,  the  relatively  simple  form  of  the  corresponding  rate  function  suggests 
that  many  of  the  constructions  needed  to  implement  an  effective  importance  sampling  scheme 
[23]  would  be  simpler  than  in  the  corresponding  large  deviation  context. 


We  now  make  some  comments  on  the  technique  of  proof.  As  in  [10],  the  starting  point  is 
the  variational  representation  for  expectations  of  positive  functionals  of  a  PRM  from  [12].  The 
usefulness  of  variational  representation  in  proving  large  deviation  or  moderate  deviation  type 
results  lies  in  the  fact  that  it  allows  one  to  bypass  the  traditional  route  of  approximating  the 
original  sequence  of  solutions  by  discretizations;  the  latter  approach  is  particularly  cumbersome 
for  SPDEs  and  more  so  for  SPDEs  driven  by  Poisson  random  measure.  Moreover  the  variational 
representation  approach  does  not  require  proving  exponential  tightness  and  other  exponential 
probability  estimates  that  are  frequently  some  of  the  most  technical  parts  of  a  traditional  large 
deviations  argument.  A  key  step  in  our  approach  is  to  prove  the  tightness  for  controlled  versions 
of  the  state  processes  given  that  the  costs  for  controls  are  suitably  bounded.  For  example,  to 
prove  a  moderate  deviation  principle  for  SPDEs  of  the  form  (1.1),  the  tightness  of  the  sequence 
of  controlled  processes  Ye,(p  needs  to  be  established,  where 


Y£’*e  =  —j—(X£,ipe  -  X°) 
a(£) 


(1.2) 


dX£,lfS (u,  t)  =  (. LX£’*e(u,t)  +  b(X£’V(u,t )))  dt+  f  £G(X£’Ve(u,t-),y)  N£^{dt,dy) 

JxT 

and  the  controls  ip£  :  X  x  [0,  T]  — >  [0,  oo)  are  predictable  processes  satisfying  Lt{<p£)  <  Ma2(e ) 
for  some  constant  M.  Here  Lt  denotes  the  large  deviation  rate  function  associated  with  Poisson 
random  measures  (see  (2.3))  and  N£  v  is  a  controlled  Poisson  random  measure,  namely  a 
counting  process  with  intensity  e~l^£{x,s)uT{dx:ds)  (see  (2.1)  for  a  precise  definition).  In 
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comparison  (cf.  [10]),  to  prove  a  large  deviation  principle  for  X£ ,  the  key  step  is  proving  the 
tightness  of  the  controlled  processes  X with  the  controls  ip£  satisfying  Lt(<p£)  <  M  for 
some  constant  M.  The  proof  of  this  tightness  property  relies  on  the  fact  that  the  estimate 
Lt(^>£)  <  M  implies  tightness  of  tp£  in  a  suitable  space.  Although  in  the  moderate  deviations 
problem  one  has  the  stronger  bound  Lt((p£ )  <  Ma2(s)  on  the  cost  of  controls,  the  mere  tightness 
of  tp£  does  not  imply  the  tightness  of  Y£,^e .  Instead  one  needs  to  study  tightness  properties  of 
if>£  =  ( ip£  —  1  )/a(e).  In  general  ^£  may  not  be  in  L2(vt)  and  one  of  the  challenges  is  to  identify 
a  space  where  suitable  tightness  properties  of  the  centered  and  normalized  controls  {ip£}  can  be 
established.  The  key  idea  is  to  split  ^£  into  two  terms,  one  of  which  lies  in  a  closed  ball  in  L2(yx) 
(independent  of  e)  and  the  other  approaches  0  in  a  suitable  manner.  Estimates  on  each  of  the 
two  terms  (see  Lemma  3.2)  are  key  ingredients  in  the  proof  and  are  used  many  times  in  this 
work,  in  particular  to  obtain  uniform  in  e  moment  estimates  on  centered  and  scaled  processes 
of  the  form  (1.2). 

The  rest  of  the  paper  is  organized  as  follows.  Section  2.1  contains  some  background  on 
PRMs  and  the  variational  representation  from  [12].  In  Section  2.2  we  present  a  general  moderate 
deviation  principle  for  measurable  functionals  of  a  PRM.  Although  this  result  concerns  a  large 
deviations  principle  with  a  certain  speed,  we  refer  to  it  as  a  MDP  since  its  typical  application 
is  to  the  proof  of  moderate  deviation  type  results.  This  general  result  covers  many  stochastic 
dynamical  system  models  in  finite  and  infinite  dimensions.  Indeed,  by  using  the  general  theorem 
from  Section  2.2,  a  moderate  deviation  principle  for  finite  dimensional  SDE  driven  by  PRM 
is  established  in  Section  2.3  and  an  infinite-dimensional  model  is  considered  in  Section  2.4. 
Sections  3  to  5  are  devoted  to  proofs.  The  result  for  the  infinite  dimensional  setting  requires 
many  assumptions  on  the  model.  In  Section  6  we  show  that  these  assumptions  are  satisfied  for 
an  SPDE  that  has  been  proposed  as  a  model  for  the  spread  of  a  pollutant  with  Poissonian  point 
sources  in  a  waterway. 


Notation: 

The  following  notation  is  used.  For  a  topological  space  £,  denote  the  corresponding  Borel 
(j-field  by  B{£).  We  use  the  symbol  “=>•”  to  denote  convergence  in  distribution.  For  a  Polish 
space  X,  denote  by  (7([0,T]  :  X)  and  D([0,T]  :  X)  the  space  of  continuous  functions  and 
right  continuous  functions  with  left  limits  from  [0,  T]  to  X,  endowed  with  the  uniform  and 
Skorokhod  topology,  respectively.  For  a  metric  space  £,  denote  by  Mb{£)  and  Cb(£)  the  space 
of  real  bounded  H(£)/,6(R)-measurable  functions  and  real  bounded  and  continuous  functions 
respectively.  For  Banach  spaces  B±,B2,  L(B\,B2)  will  denote  the  space  of  bounded  linear 
operators  from  B\  to  I?2-  For  a  measure  v  on  £  and  a  Hilbert  space  H,  let  L2(£,v,H)  denote 
the  space  of  measurable  functions  /  from  £  to  H  such  that  f£  ||/(,i;)||2^(du)  <  oo,  where  ||  •  ||  is 
the  norm  on  H.  When  H  =  M  and  £  is  clear  from  the  context  we  write  L2(y). 

For  a  function  x  :  [0,  T]  — ►  £,  we  use  the  notation  xt  and  x(t)  interchangeably  for  the 
evaluation  of  x  at  t  £  [0,T].  A  similar  convention  will  be  followed  for  stochastic  processes.  We 
say  a  collection  {X£}  of  T-valued  random  variables  is  tight  if  the  distributions  of  X£  are  tight 
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in  V(£)  (the  space  of  probability  measures  on  £). 

A  function  I  :  £  — ►  [0,  oo]  is  called  a  rate  function  on  £  if  for  each  M  <  oo,  the  level  set 
I(x)  <  M}  is  a  compact  subset  of  £. 


Given  a  collection  {6(e)}£>o  of  positive  reals,  a  collection  {Ae}£>o  of  f-valued  random  vari¬ 
ables  is  said  to  satisfy  the  Laplace  principle  upper  bound  (respectively,  lower  bound)  on  £  with 
speed  b(s)  and  rate  function  I  if  for  all  h  £  Cb{£) 


lim  sup  6(e)  log  IE  <  exp 


1 

6(e) 


h(X£) 


<  —  inf  {h(x)  +  I{x)}, 


and,  respectively, 


lim  inf  6(e)  log  IE 


1 

6(e) 


h(X£) 


>  —  inf  {6.(2;)  +  I(x)}. 
xeS 


The  Laplace  principle  is  said  to  hold  for  {X£}  with  speed  6(e)  and  rate  function  I  if  both  the 
Laplace  upper  and  lower  bounds  hold.  It  is  well  known  that  when  £  is  a  Polish  space,  the  family 
{X£}  satisfies  the  Laplace  principle  upper  (respectively  lower)  bound  with  a  rate  function  I  on 
£  if  and  only  if  {X£}  satisfies  the  large  deviation  upper  (respectively  lower)  bound  for  all  closed 
sets  (respectively  open  sets)  with  the  rate  function  I.  For  a  proof  of  this  statement  we  refer  to 
Section  1.2  of  [27]. 


2  Preliminaries  and  Main  Results 

2.1  Poisson  Random  Measure  and  a  Variational  Representation 

Let  X  be  a  locally  compact  Polish  space  and  let  A4fc(%)  be  the  space  of  all  measures  v  on 
(X,£>(X))  such  that  f(K)  <  oo  for  every  compact  K  C  X.  Endow  A4fc(X)  with  the  usual 
vague  topology.  This  topology  can  be  metrized  such  that  Mfc(%)  is  a  Polish  space  [12].  Fix 
T  e  (0,  oo)  and  let  Xj1  =  X  x  [0,  T\.  Fix  a  measure  v  e  Atjrc?(X),  and  let  vt  =  v  ®  A t,  where 
A t  is  Lebesgue  measure  on  [0,T], 

A  Poisson  random  measure  n  on  Xy  with  mean  measure  (or  intensity  measure)  ft  is  a 
A4_Fc(^T)-valued  random  variable  such  that  for  each  B  £  B(K.t)  with  ut{B)  <  oo,  n (B)  is 
Poisson  distributed  with  mean  ft(B)  and  for  disjoint  B^  £  13(Kt ),  n(i?i), ...,  n(Bf.)  are 

mutually  independent  random  variables  (cf.  [46]).  Denote  by  P  the  measure  induced  by  n  on 
(A4_pc(Xt),'B(A4_pc(Xt)))-  Then  letting  M  =  A 4fc@^t),  P  is  the  unique  probability  measure 
on  (M,  £>(M))  under  which  the  canonical  map,  N  :  M  — >  M,  N(m)  =  m,  is  a  Poisson  random 
measure  with  intensity  measure  ft-  Also,  for  9  >  0,  P#  will  denote  a  probability  measure  on 
(M,/3(M))  under  which  N  is  a  Poisson  random  measure  with  intensity  0ft  ■  The  corresponding 
expectation  operators  will  be  denoted  by  IE  and  Eg,  respectively. 
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Let  F  £  We  now  present  a  variational  representation  from  [12]  for  —  log  Eg(exp[— F(N)]), 

in  terms  of  a  Poisson  random  measure  constructed  on  a  larger  space.  Let  Y  =  X  x  [0,  oo)  and 
Y t  =  Y  X  [0,  T],  Let  M  =  MfcO^t)  and  let  P  be  the  unique  probability  measure  on  (M,  B( M)) 
under  which  the  canonical  map,  N  :  M  — >  M,  N(m)  =  m,  is  a  Poisson  random  measure  with 
intensity  measure  vt  =  z' <S>  Aoo  <8>  A t,  where  Aoo  is  Lebesgue  measure  on  [0, oo).  The  correspond¬ 
ing  expectation  operator  will  be  denoted  by  E.  Let  Ft  =  cr{lV((0,  s\  x  ^4)  :  0  <  s  <  f,  A  £  ,8(Y)} 
be  the  a-algebra  generated  by  N,  and  let  Ft  denote  the  completion  under  P.  We  denote  by  V 
the  predictable  u-field  on  [0,  T]  x  M  with  the  filtration  {Ft  ■  0  <  t  <  T}  on  (M,  £?(M)).  Let  A+ 
[resp.  A]  be  the  class  of  all  (B(X)  <g>P) /B[ 0,  oo)  [resp.  (,8(X)  <g>P)/,6(M)]-measurable  maps  from 
Xt  x  M  to  [0,  oo)  [resp.  M].  For  p  £  A+,  define  a  counting  process  N*  on  Xt  by 

N*((0,t]  x  U)  =  [  l[0Mx,s)](r)N(dxdrds),  t  £  [0,T\,U  £  B(X).  (2.1) 

J Ux  [0,oo)x  [0,£] 

We  think  of  Nv  as  a  controlled  random  measure,  with  p  selecting  the  intensity  for  the  points  at 
location  x  and  time  s,  in  a  possibly  random  but  non- anticipating  way.  When  p(x,  s,  fh)  =  6  £ 

(0,  oo),  we  write  =  Ne .  Note  that  Ne  has  the  same  distribution  with  respect  to  P  as  N  has 
with  respect  to  Pg. 

Define  i  :  [0,  oo)  — ►  [0,  oo)  by 

t'(r)  =  r  logr  —  r  +  1,  r£[0,  oo).  (2.2) 

For  any  p  £  A+  and  t  £  [0,  T]  the  quantity 

Lt(p)  =  /  £((/?(x,  s,u))vT{dx  ds)  (2.3) 

Jxx  [o,t] 

is  well  defined  as  a  [0,  oo]-valued  random  variable.  Let  {Kn  C  X,  n  =  1,  2, . . .}  be  an  increasing 
sequence  of  compact  sets  such  that  U ™=1Kn  =  X.  For  each  n  let 

Ab,n  =  {t  £  A+  :  for  all  ( t,uj )  £  [0,  T]  x  M,  >  p(x,t,  oj)  >  1/n 
if  a:  £  Kn  and  p(x,  t,  uj)  =  1  if  x  £  Kf} 


and  let  Ab  =  U^=1Alf),n. 

The  following  is  a  representation  formula  proved  in  [12],  For  the  second  equality  in  the 
theorem  see  the  proof  of  Theorem  2.4  in  [10]. 


Theorem  2.1  Let  F  £  M&( M).  Then  for  9  >  0 


-logE0(e-F(A°)  =  -logE(e“F(iV<,))  =  inf  E  9LT{p)  +  F{Ne*) 

<p£A+  1 


=  inf  E 


9LT{p)  +  F(Ne<p) 
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2.2  A  General  Moderate  Deviation  Result 


For  e  >  0,  let  Q£  be  a  measurable  map  from  M  to  HJ,  where  U  is  some  Polish  space.  Let 
a  :  R+  — >  M-|_  be  such  that  as  e  — >  0 


a(s)  — >  0  and  b(s) 


(2.4) 


In  this  section  we  will  formulate  a  general  sufficient  condition  for  the  collection  Q£(sN£  *)  to 
satisfy  a  large  deviation  principle  with  speed  6(e)  and  a  rate  function  that  is  given  through  a 
suitable  quadratic  form. 


For  e  >  0  and  M  <  oo,  consider  the  spaces 

S™£  =  {</?:  X  x  [0,  T]  —>  M+|  LT{<p)  <  Ma2(e)}  (2.5) 

=  {Y>  :  X  X  [0,  T\  -  R\  $  =  {ip  -  l)/a(e),  p 

We  also  let 


=  {<f>  G  A  :  <£(•,  •,  w)  6  P-a.s.}  (2.6) 

U^1  =  {(p  €  A  :  (/>(-,  -,u>)  £  S£  f,  P-a.s.}  . 


The  norm  in  the  Hilbert  space  L2(ut)  will  be  denoted  by  ||  •  || 2 
of  radius  r  in  L2(vt)-  Given  a  map  Go  :  L2(ut)  — ►  HJ  and  rj  £  U,  let 


and  B2(r)  denotes  the  ball 


=  §,,[£()]  =  £  L2(vT)  :  7]  =  <?o(^)} 


and  define  /  by 

Here  we  follow  the  convention  that  the  infimum  over  an  empty  set  is  +00. 


I(ri)  =  inf 


(2.7) 


We  now  introduce  a  sufficient  condition  that  ensures  that  I  is  a  rate  function  and  the  col¬ 
lection  Y£  =  G£(sN£  )  satisfies  a  LDP  with  speed  b(e)  and  rate  function  /.  A  set  {ip£}  C  A 
with  the  property  that  sup£>0  <  M  a.s.  for  some  M  <  00  will  be  regarded  as  a  collection 

of  H2(M)-valued  random  variables,  where  B2(M)  is  equipped  with  the  weak  topology  on  the 
Hilbert  space  L2(ut)-  Since  B2(M)  is  weakly  compact,  such  a  collection  of  random  variables 
is  automatically  tight.  Throughout  this  paper  B2(M)  will  be  regarded  as  the  compact  metric 
space  obtained  by  equipping  it  with  the  weak  topology  on  L2(vt)- 

Suppose  tp  £  S¥e,  which  we  recall  implies  Lt(<p)  <  Ma(e)2.  Then  as  shown  in  Lemma 
3.2  below,  there  exists  ^2(1)  £  (0,  00)  that  is  independent  of  e  and  such  that  V’l{|V'|<i/a(£)}  ^ 
B2((Mk2( l))1/2),  where  ip  =  (ip  -  1  )/a(e). 
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Condition  2.2  For  some  measurable  map  :  L2(vt)  — >  U,  the  following  two  conditions  hold. 

(a)  Given  M  G  (0,oo),  suppose  that  g£,g  G  B2(M)  and  g£  — >  g.  Then 

Go{g£)  ->•  Go(g)- 

(b)  Given  M  G  (0,oo),  /ef  {<^£}£>o  be  such  that  for  every  e  >  0,  ip£  G  U+e  and  for  some 
P  e  (o,  1],  ^el{|^|<^/a(£)}  =4>  if  in  B2((M  k2(1))1/2)  where  ip£  =  (( p£  -  l)/a(e).  T/ien 

g£(sN£~1‘f,e )  =*►  GoWO- 

Theorem  2.3  Suppose  that  the  functions  Q£  and  Go  satisfy  Condition  2.2.  Then  I  defined  by 
(2.7)  is  a  rate  function  and  {Y£  =  Q£{eN£  )}  satisfies  a  large  deviation  principle  with  speed 
6(e)  and  rate  function  I. 

In  the  next  two  sections  we  will  present  two  applications.  The  first  is  to  a  general  family  of 
finite  dimensional  SDE  driven  by  Poisson  noise  and  the  second  is  to  certain  SPDE  models  with 
Poisson  noise. 

2.3  Finite  Dimensional  SDEs 

In  this  section  we  study  SDEs  of  the  form 

X£(t)=x0+  f  b{X£(s))ds+  f  eG{XE(s-),y)Ne~\dy,ds),  (2.8) 

Jo  Jxx  [0,t] 

where  the  coefficients  b  and  G  satisfy  the  following  condition. 

Condition  2.4  The  functions  b  :  M.d  — >  and  G  :  f1  x  X  -4  Rd  are  measurable  and  satisfy 

(a)  for  some  Lb  G  (0,oo) 

\b(x)  —  b(x')\  <  Lb\x  —  x;|,  x ,  x'  G  Rrf, 

(b)  for  some  Lq  G  Ll(v)  n  L2(u) 

\G(x,y)  -  G(x',y)\  <  La(y)\x  -  x'\,  x,x'GMd,  y  G  X, 
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(c)  for  some  Mq  €  Ll(v)  n  L2(u) 

I G(x,  y) |  <  MG(y)(  1  +  |x|),  x  £  Md,  J/£X. 


The  following  result  follows  by  standard  arguments  (see  Theorem  IV. 9.1  of  [46]). 


Theorem  2.5  Fix  x o  6  Rd,  and  assume  Condition  2.f.  The  following  conclusions  hold. 


(a)  For  each  e  >  0  there  is  a  measurable  map  Q£  :  M  — >  D([0,T]  :  Md)  such  that  for  any 
probability  space  (H,F,P)  on  which  is  given  a  Poisson  random  measure  ne  on  Xt  with 
intensity  measure  £~1vt,  X£  =  fy£(£ne)  is  a  Ft  =  a{n£(B  x  [0,  s]),s  <  t,B  £  £>(X)} 
adapted  process  that  is  the  unique  solution  of  the  stochastic  integral  equation 

Xe{t)=x o+[  b(X%s))ds+  [  sG(X£(s-),y)ne(dy,ds),  t  £  [0,T],  (2.9) 

Jo  Jxx  [0,i] 

In  particular  Xe  =  Q£(sN£  *)  is  the  unique  solution  of  (2.8). 

(b)  There  is  a  unique  X°  in  C([0,  T]  :  Md)  that  solves  the  equation 

X°(t)  =  x0+  f  b{X°(s))ds  +  [  G(X°{s),y)v(dy)ds,  t  £  [0,  T\.  (2.10) 

Jo  Jxx  [0,t] 


We  now  state  a  LDP  for  {Ys},  where 

Ye  = -^-(X£  -  X°),  (2.11) 

a(e) 

and  a(e)  is  as  in  (2.4).  For  this  we  will  need  the  following  additional  condition  on  the  coefficients. 
Let 

mT  =  sup  |V°(f)|.  (2-12) 

o  <t<T 

For  a  differentiable  function  /  :  Rd  — >  Rd  let  Df(x )  =  ( dfi(x)/dxj)i  ■ ,  x  £  Rd,  and  let  |-D/|op 
denote  the  operator  norm  of  the  matrix  Df.  We  define  a  class  of  functions  by 

H  =  :  X  — ►  M  :  3  S  >  0,  s.t.  VT  with  z^(T)  <  °o,  J  exp [5h2  {y))v{dy)  <  oo|  .  (2.13) 


Condition  2.6  (a)  The  functions  Lq  and  Mq  are  in  the  class  H. 
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(b)  For  every  y  £  X,  the  maps  x  i— >  b(x )  and  x  >  G(x,y )  are  differentiable.  For  some 
LDb  £  (0,  oo) 

|Z?6(x)  —  _D6(a/)  |0p  <  —  xr|,  x,  x;  £ 

and  /or  some  Ljog  £  T1^) 

|DTG(x,?/)  -  HxG(x',?/)|0p  <  LDG(y)\x  -  x'|,  x,x'  £  Rd,  y  £  X. 

IFit/i  ?n-r  <  oo  as  in  (2.12) 

sup  /  |D.TG(x,2/)|opn(dy)  <  oo. 

We  note  that  all  locally  bounded  and  measurable  real  functions  on  X  are  in  Ft. 

The  following  result  gives  a  Moderate  Deviations  Principle  for  finite  dimensional  SDE. 


Theorem  2.7  Suppose  that  Conditions  2-4  and  2.6  hold.  Then  {Ye}  satisfies  a  large  deviation 
principle  in  D([0,T]  :  Md)  with  speed  6(e)  and  the  rate  function  given  by 

i(v)  =  inf  > 

where  the  infimum  is  taken  over  all  fi  £  L2(vt)  such  that 

V(t)  =  [  [Db(X°(s))}r](s)ds  +  [  [. DxG(X°(s),y)]rf(s)v(dy)ds 

Jo  Jxx[0,t] 

+  (  fi’(y,s)G(X°(s),y)u(dy)ds,  t  e  [0,T].  (2.14) 

JXx  [0,t] 


Note  that  (2.14)  has  a  unique  solution  i]  £  C([0,  T]  :  Rrf).  In  particular,  I(rj)  =  oo  for  all 
r)  £  D([0,T]  :  Rd)  \C([0,T]  :  Rd). 

The  following  theorem  gives  an  alternative  expression  for  the  rate  function.  From  Condition 
2.4(c)  it  follows  that  y  >  Gi(X°(s),y)  is  in  L2{v)  for  all  s  £  [0, T]  and  i  =  1  where 

G  =  (G i, . . . ,  Gd)' ■  For  i  =  1, . . . ,  d,  let  e*  :  X  x  [0,  T]  — >  M  be  measurable  functions  such  that 
for  each  s  £  [0,  T\,  {ej(-,  s)}f=1  is  an  orthonormal  collection  in  L2(u)  and  the  linear  span  of  the 
collection  is  same  as  that  of  {Gj(X°(s),  •)}f=1-  Define  A  :  [0,T]  — ►  Rdxd  such  that,  for  each 
s  £  [0,  T\, 

Aij(s)  =  {Gi(X°(s),-),ej{s,-))L i,j  = 


For  r]  £  D([0,T]  :  Rd)  let 


I(rj)  =  inf 

U 


1 

2 


u(s)\2ds 
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where  the  infinrunr  is  taken  over  all  u  6  L2([0,T]  :  M.d)  such  that 

rj(t)  =  f  [Db(X°(s))  +  Gi(X°(s))]rj(s)ds  +  f  A(s)u(s)ds,  t  £  [0,T]  (2-15) 

Jo  Jo 

and  G i(x)  =  fxDxG(x,y)v(dy). 


Theorem  2.8  Under  the  conditions  of  Theorem  2.7,  I  =  I. 


Remark  2.9  (1)  Theorem  2.8  in  particular  says  that  the  rate  function  for  {Te}  is  the  same 

as  that  associated  with  the  large  deviation  principle  with  speed  e  for  the  Gaussian  process 

dZ£(t)  =  Ai(t)Z£(t)dt  +  \fsA{t)dW {t ),  Z£( 0)  =  xo, 

where  W  is  a  standard  d-dimensional  Brownian  motion  and  Ai(t)  =  Db(X°(t))+Gi(X°(t)). 

(2)  One  can  similarly  establish  moderate  deviations  results  for  systems  that  have  both  Poisson 
and  Brownian  noise.  In  particular  the  following  result  holds.  Suppose  a  :  M.d  — >  Mdxd  is  a 
Lipschitz  continuous  function  and  X£  solves  the  integral  equation 

X£(t)  =  x0+  f  b(X£(s))ds  +  Ve  [  a(X£(s))dW{s)  + 

Jo  J[0,t\ 

Then  under  Conditions  2.f  and  2.6,  {Y£}  defined  as  in  (2.11)  satisfies  a  large  deviation 
principle  in  D([0,T]  :  Mrf)  with  speed  b{e)  and  the  rate  function  given  by 


/Xx  [0 ,t] 


eG(X£(s—),y)dN£ 


I{v)  =  inf  -z 

yi,u  Z 


I2  4- 
12  + 


'  [0,T] 


|rt(s)|2ds  >  , 


where  the  infimum  is  taken  over  all  £  U2(vt)  x  L2([0,T]  :  Md)  such  that 


y(t)  =  f  [Db(X°(s))]y(s)ds  +  [  a(X°(s))u(s)ds 

Jo  Jo 


+ 


'Xx  [0,t] 


[DxG(X°(s),  y)]y(s)v{dy)ds  + 


/Xx  [0,t] 


s)G(X°(s),y)o(dy)ds. 


Also,  the  rate  function  can  be  simplified  as  in  Theorem  2.8. 


2.4  Infinite  Dimensional  SDE 

The  equation  considered  here  has  been  studied  in  [48]  where  general  sufficient  conditions  for 
strong  existence  and  pathwise  uniqueness  of  solutions  are  identified.  The  solutions  in  general 
will  be  distribution  valued  and  a  precise  formulation  of  the  solution  space  is  given  in  terms 
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of  Countable  Hilbertian  Nuclear  Spaces  (cf.  [48]).  Recall  that  a  separable  Frechet  space  is 
called  a  countable  Hilbertian  nuclear  space  (CHNS)  if  its  topology  is  given  by  an  increasing 
sequence  ||  •  ||n,  n  £  No,  of  compatible  Hilbertian  norms,  and  if  for  each  n  £  No  there  exists 
m  >  n  such  that  the  canonical  injection  from  <3?m  into  4>n  is  Hilbert-Schnridt.  Here  for  each 
^  6  No,  is  the  completion  of  with  respect  to  ||  •  ||fc. 

Identify  4>q  with  4>o  using  Riesz’s  representation  theorem  and  denote  the  space  of  bounded 
linear  functionals  on  by  4>_n.  This  space  has  a  natural  inner  product  [and  norm]  which  we 
denote  by  (•,  -)_n  [resp.  ||  •  ||_n],  n  £  No,  such  that  {4>_ri}neN0  is  a  sequence  of  increasing  Hilbert 
spaces  and  the  topological  dual  of  4>,  denoted  as  3>'  equals  (see  Theorem  1.3.1  of  [48]). 

Solutions  of  the  SPDE  considered  in  this  section  will  have  sample  paths  in  D([0,T]  :  <!>_„)  for 
some  finite  value  of  n. 

We  will  assume  that  there  is  a  sequence  C  such  that  {4>j}  is  a  complete  ortho¬ 

normal  system  (CONS)  in  <J>o  and  is  a  complete  orthogonal  system  (COS)  in  each  4>n,  n  £  Z. 
Then  {<(>”}  =  is  a  CONS  in  4>n  for  each  n£Z.  It  is  easily  seen  that,  for  each  r  >  0, 

77  £  4>_r  and  cj>  £  4>r,  r][<j>\  can  be  expressed  as 

OO 

V[<t>]  =  ^2(V,  4>j)-r{<t>,  <t>j)r •  (2-16) 

3= 1 

We  refer  the  reader  to  Example  1.3.2  of  [48]  for  a  canonical  example  of  such  a  countable 
Hilbertian  nuclear  space  (CHNS)  defined  using  a  closed  densely  defined  self-adjoint  operator 
on  $o-  A  similar  example  is  considered  in  Section  6.  The  SPDE  we  consider  takes  the  form 

Xe(t)  =x0+  f  b(X£(s))ds+  [  EG{Xe(s-),y)N£~1(ds,dy)  (2.17) 

Jo  Jxx  [0,t] 

where  the  coefficients  b  and  G  satisfy  Condition  2.11  below  (cf.  Chapter  6,  [43]).  A  precise 
definition  of  a  solution  to  (2.17)  is  as  follows. 


Definition  2.10  Let  (Ll,!F,P)  be  a  probability  space  on  which  is  given  a  Poisson  random  mea¬ 
sure  n£  on  Xt  with  intensity  measure  £~1ut ■  Fix  r  £  No  and  suppose  that  xq  £  4>_r.  A 
stochastic  process  {A"te}t6[0iT]  defined  on  Ll  is  said  to  be  a  &-r-valued  strong  solution  to  the  SDE 
(2.17)  with  N£  replaced  with  n£  and  initial  value  xo,  if  the  following  hold. 

(a)  Xf  is  a  &-r-valued  Ft-measurable  random  variable  for  all  t  £  [0,  T],  where  Ft  =  (j{ne(R  x 
[0,s]),s  <  t,B  £  B(X)}. 

(b)  X£  £  D([0,  T]  :  4>_r)  a.s. 

(c)  The  map  (s, u)  1— >•  b{Xes(vj))  is  measurable  from  [0, T]  x  Q  to  4>_r  and  the  map  ( s,uj,y )  1— > 
G(s,  X£_(uj),  y)  is  (V  x  H(X))/H(4>_r)  measurable,  where  V  is  the  predictable  a-field  cor- 
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responding  to  the  filtration  {Ft}-  Furthermore, 

E  f  f  ||G(s,  Xg,  v)\\2_rv(dv)ds  <  oo 

Jo  Jx 

and 

e[  \\b(Xg)\\2_rds  <  oo. 

Jo 

(d)  For  all  t  £  [0,  T\,  almost  all  w  G  (],  and  all  f  E  (I> 

xt  M  =  xo[4>\  +  [  b(X£s)[4>\ds  +  e  [  G(s,Xss_,y)\4>\n£{dy,ds).  (2.18) 

Jo  Jxx[0,t] 

We  now  present  a  condition  from  [48]  that  ensures  unique  solvability  of  (2.17).  Let  9P  : 
4>_p  — >  <3?p  be  the  isometry  such  that  for  all  j  E  N,  0P((f>Jp)  =  4>j-  It  is  easy  to  check  that  for  all 
p  £  N,  0p(4>)  C  4>  (see  Remark  6.1.1  of  [48]). 


Condition  2.11  For  some  p,q  £  N  with  q  >  p  for  which  the  embedding  of  4>_p  to  is  Hilbert, 
-Schmidt,  the  following  hold. 


(a)  (Continuity)  b  :  — >  4)'  is  such  that  it  is  a  continuous  function  from  <b_p  to  <&~q.  G 

is  a  map  from  x  X  to  4)/  such  that  for  each  u  £  4>_p,  G{u,  ■)  £  L2(X,  v,  4>_p)  and  the 
mapping  4>-p  3  u  t— >  G(u,  •)  £  L2(X,  u,  4>_p)  is  continuous. 

(b)  There  exist  Mb  £  (0,oo)  and  MG  £  Ll{v)  n  L2(v)  such  that 

116(^)11-5  <  Mb(  1  +  |M|_P),  \\G(u,y)\\-p  <  MG(y)(l  +  ||u||_p),  u  £  4>_p,  y  £  X. 

(c)  For  some  Cb  £  (0,oo)  and  all  f 

2bmepj)\<cb(i  +  m2_p). 

( d)  For  some  Lb  £  (0,  oo) 

(u  —  u' ,  b{u)  —  6(u,))_(?  <  Lb\\u  —  u'\\2_ q,  u,  v!  £  4>_p. 

(e)  For  some  Lq  £  Ll{v)  n  L2(u) 

\\G(u,y)-G(u',y)\\-q<LG(y)\\u-u'\\-q,  u,u'  £  4*-p,  y  £  X. 


The  following  unique  solvability  result  follows  from  [48]. 


[10]- 


For  part  (b)  see  Theorem  3.7  in 
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Theorem  2.12  Fix  xq  G  <&-p,  and  assume  Condition  2.11.  The  following  conclusions  hold. 


(a)  For  each  s  >  0,  there  is  a  measurable  map  Q£  :  M  — ►  D([0,T]  :  4>_g)  such  that  for  any 
probability  space  (Q,1F,P)  and  a  Poisson  random  measure  ne  as  in  Definition  2.10,  X£  = 
Q£(sne)  is  the  unique  &-q-valued  strong  solution  of  (2.17)  with  N£  replaced  with  n£. 
Furthermore,  for  every  t  G  [0,  T],  Xf  G  <f>_p  and  E  sup0<t<T  ||Xf||?_p  <  oo,  In  particular 
X£  =  Q£(sN£  *)  satisfies,  for  every  f  G  4>, 

Xficf]  =  X0[<f>]  +  f  b(X£s)[<i)\ds  +  s  [  G(X£_,  y)[(j)\N£~1  (dy,  ds).  (2.19) 

Jo  J  [0,t]  xX 


(b)  The  integral  equation 

X°(t)  =  x0+  f  b(X°(s))ds  +  [  G(X°{s),y)v{dy)ds.  (2.20) 

JO  lEx[0,t) 

has  a  unique  &-q-valued  continuous  solution.  That  is,  there  is  a  unique  X°  G  C([0,  T],  $-5) 
such  that  for  all  t  G  [0,  T\  and  all  <fi  G  <i> 

XtW  =  M<t>\  +  t  b(X°sMds+  f  G(X°,yMv(dy)ds.  (2.21) 

Jo  J[0,t]xX 

Furthermore  X®  G  for  all  t  G  [0,  T]  and 

mx  =  sup  ||X°||_p  <  00.  (2.22) 

0  <t<T 


As  before,  we  are  interested  in  a  LDP  for  {Te},  where 


Y£  =  ^-<X£  -  X°), 
a(e) 


and  a(e)  is  as  in  (2.4).  For  that  we  will  need  some  additional  conditions  on  the  coefficients.  Recall 
the  definition  of  Frechet  derivative  of  a  real  valued  function  on  a  Hilbert  space  (see  Chapter  II. 5 
of  [26]),  which  characterizes  the  derivative  as  a  bounded  linear  functional  on  the  Hilbert  space. 
For  the  remainder  of  this  section  we  considered  a  fixed  p  and  q  that  satisfy  Condition  2.11. 


Condition  2.13  There  exists  a  positive  integer  qi  >  q  such  that  the  canonical  mapping  of  <fr-q 
to  d'-g!  is  Hilbert- Schmidt,  and  the  following  hold. 


(a)  For  every  (j)  G  4>,  the  Frechet  derivative  of  the  map  4>_g  3  v  b{v)\<J>\  from  4>_g  to  M  exists 
and  is  denoted  by  D(b(-)[cj>\).  For  each  cj)  G  there  exists  Lx>b(4>)  G  (0, 00)  such  that 

II D(b(u)[4>])  -  D(b{v!)\4>\) \\op  <  LDb(4>)\\u  -  u' ||_9,  u,u'  G  $_p, 

Here  ||  •  ||op  is  the  operator  norm  in  L(4>_ 9,M). 
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(b)  Recall  that.  =  (frkW^kWqi  ■  Then  for  every  77  £ 

OO 

sup  Y  \D  (^M1])  Ml 2  =  M%  in')  <  oo. 

{tiG$-p:||-y||-p<mT}  k=1 

This  means  that  Av(rj)  :  ^  K.  defined  by  Av(rf)[(f>\  =  D  (b(v) [0])  [77]  extends  to  a  bounded 

linear  map  from  Qqi  toM  (i.e.  an  element  of  &-qi).  For  all  v  £  4>_p  such  that  |H|-P  <  mr, 
77  •  7  Av(r 7)  is  a  continuous  map  from  to  4>_gi  and  there  exist  MA,  La,Ca  £  (0, 00) 
such  that 


sup  11^(77)11-9!  <  Ma(1  +  ||  ?7 1 1  — 9)  7  for  all  77  £  $_9.  (2.23) 

(dG'I’-p  :  ||  v\ |  -p<m;r} 

sup  (?7  -  v',Av(rj)  -  Av( r/))-qi  <  LA\\r]  -  7 f\\2_qi,  for  all  77,7/  £  (2.24) 

{!;G<E>_p:||t!||_p<mT} 

sup  2v4t,(cz!>  -f-  C)^^]  <  C'^dlCII-p  +  ll<^ll-<7)ll^>ll-<7,  for  all  £  $,  C  £  $-p, 

{v£& -p:\\v\\-p<mT} 

(2.25) 

where  6q  was  defined  just  before  Condition  2.11. 

(c)  For  every  f>  £  ^qnV  £  X,  the  Frechet.  derivative  of  G(-,y)[tj>\  :  4>_gi  — >  M,  denoted  as 

Tlx(G(-,y)[4>]),  exists.  The  map  4>_p  3  u  — >  Dx(G(u,y)[4>])  £  L($_gi,M)  is  Lipschitz 
continuous:  for  each  <f>  £  4>gi  there  exists  Locifi:  ')  £  such  that 

|| DxG(u,y)[(f>\  -  DxG{ufy)[4>\\\oP-qi  <  LDG((/>,y)\\u  -  u'\\-q,  u,u'  £  <$>-p,y  £  X. 

There  exists  MGq  :  xX->  M+  swc/i  that 

\\Dx{G{u,y)[(t)])\\op-qi  <  MDG(u,y)\\<j)\\qi,  u  £  $_p,  , y  £  X.  (2.26) 

||Ar(G(w,y)  [</>])  llo^-g  <  Mdq(u,  t/)||(/)||9,  u  £  $_p,</>  £  £  X, 

and 

Mug  =  SUP  raax{MDG{u,y),MlG(u,y)}u(dy)  <  00. 

{u£<& —p:\\u\\—p<mT} 

i?ere  ||  •  ||oP,-gi  (Vesp.  ||  •  Hop.-qj  f/ie  operator  norm  in  L(3>_gi,K)  (resp.  L($_g,M)/). 

(d)  The  functions  MG  and  LG  in  Condition  2.11  are  in  TL  defined  by  (2.13). 


Theorem  5.1  shows  that  under  Conditions  2.11  and  2.13,  for  every  if  £  L2{vt)  there  is  a 
unique  77  £  C([0,  T],  &~qi)  that  solves 

77(f)  =  f  Db(X°(s))r](s)ds  +  [  DxG(X°(s),y)r](s)u(dy)ds 
Jo  Jxx  [0,7] 

+  [  G(X°(s),y)tf(y,s)u(dy)ds,  (2.27) 

JXx  [0,i] 
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in  the  sense  that  for  every  G  4* 

V(t)[4>]  =  [  D(b(X°(s))[4>])ri{s)ds+  [  Dx(G(X°(s),y)[4>])r}(s)v(dy)ds 

Jo  JXx  [0,t] 

+  [  G(X°(s),y)[(j)\fi(y,s)v(dy)ds.  (2.28) 

JXx  [0,t] 

The  following  is  the  main  result  of  this  section. 

Theorem  2.14  Suppose  Conditions  2.11  and  2.13  hold.  Then  {T£}£>o  satisfies  a  large  devia¬ 
tion  principle  in  _D([0,  T],  4>_gi)  with  speed  6(e)  and  rate  function  I  given  by 

Hv)  =  mf  > 

where  the  infimum  is  taken  over  all  G  L2(ut)  such  that  (r/,^)  satisfy  (2.27). 

In  Section  6  we  will  provide  an  example  taken  from  [48]  where  Conditions  2.11  and  2.13  hold. 

3  Proof  of  Theorem  2.3 

The  following  inequalities  will  be  used  several  times.  Recall  the  function  6(r)  =  ?Togr  —  r  +  1. 

Lemma  3.1  (a)  For  a,b  G  (0,  oo)  and  a  G  [1,  oo),  ab  <  eaa  +  \i{b). 

(b)  For  every  f3  >  0,  there  exist  ki({3),  G  (0,oo)  such  that  Ki(fi),  — >  0  as  [5  — >  oo, 

and 

\x  —  1|  <  ki(/3)£(x)  for  \x  —  1|  >  (3,  x  >  0,  and  x  <  n'1(/3)£(x)  for  x  >  (3. 

(c)  For  each  (3  >  0,  there  exists  «2(/?)  £  (0,  oo)  such  that 

\x  —  1|2  <  K2(/3)£(x)  for  \x  —  1|  <  (3,  x  >  0. 

(d)  There  exists  K3  G  (0, 00)  such  that 

£(x)  <  Kz\x  —  1|2,  \t{x)  —  (x  —  1)2/2|  <  Kz\x  —  1|3  for  all  x  >  0. 

Note  that  we  can  assume  without  loss  that  is  nonincreasing  in  (3.  The  following  result 

is  immediate  from  Lemma  3.1. 
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Lemma  3.2  Suppose  ip  £  S0  for  some  M  <  oo,  where  S0  is  defined  in  (2.5).  Let  if  =  (0  ■ 
Then  for  all  j. 3  >  0 


(a)  /  Wm>p/a(e)}dvT  <  Mo(e)/ci(/3) 

JXx[0,T] 

(b)  [  tpl^pydvT  <  Ma2(e)rei(/3) 

jXx  [0,T] 

/  IV;|2l{|i/.|</3/a(e)}^T  <  Mk2{/3), 

JXx[0,T] 

where  ki,k[  and  K2  are  as  in  Lemma  3.1. 

The  property  that  I  defined  in  (2.7)  is  a  rate  function  is  immediate  on  observing  that 
Condition  2.2(a)  says  that  Tk  =  {Go{g)  :  9  £  ^(K)}  is  compact  for  all  K  <  oo,  and  therefore 
for  every  M  <  oo,  {rj  £  U  :  I(rj)  <  M}  =  nn>ir2M+i/n  is  compact  as  well. 

To  prove  Theorem  2.3  it  suffices  to  show  that  the  Laplace  principle  lower  and  upper  bounds 
hold  for  all  F  £  C&(U).  Let  Qe  be  as  in  the  statement  of  Theorem  2.3.  Then  it  follows  from 
Theorem  2.1  with  6  =  e_1  and  F(-)  there  replaced  by  F  o  <J£(e-)/6(e)  that 

— 6(e)  logE[e_F('ys^6^]  =  inf  E  b(e)e~1  Lt(^p)  +  F  o  Q£(eN£  1<p)  .  (3.1) 

<P&A+  L 

We  first  prove  the  lower  bound 

liminf  —6(e)  loglEfe-^5  e^£)]  >  inf  [T (77)  +  F(r])]  .  (3.2) 

£ — >0  ?;GU 

For  e  £  (0, 1),  choose  £  Ab  such  that 

-6(e)  logE[e-F(y£)/6(e)]  >  E  [6(e)e-1Lr(^£)  +  F  o  g£(sN£~1^)]  -  e.  (3.3) 

Since  H-FHoq  =  sup^gu  \F(x)\  <  00,  we  have  for  all  e  £  (0, 1)  that 

M  =  (2||F||0O  +  l)>E  h-^LT{fie)  .  (3.4) 

Fix  8  >  0  and  define 

te  =  inf {t  £  [0,  T]  :  6(e)e-1Lt(££)  >  2M||F||0O/<5}  A  T. 

Let 

T£(y,s)  =  p£(y,s) l{s<rE}  +  1{S>TC},  (y,s)  £  X  x  [0, T]. 
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Observe  that  <p£  €  Ab  and  b(e)e  1Lt(*-p£)  <  M  =  2M||F||00/<5.  Also, 

P  {<pe  At>£}<  p  {6(e)e~1Ar(^£)  >  M } 
<  E[6(e)e_1LT’(^£)]/Af 
5 


where  the  last  inequality  holds  by  (3.4).  For  (y,  s)  £  X  x  [0,  T ]  define 

70  \  -  ^(V’3)  -1  ,e(  s_Ve{y,s)~l  ~,e,  m 

^  s )  =  - 77) - >  ^  (y>  s)  =  - TF -  =  ^  (y,  s)l{s<Te}- 


Fix  [3  G  (0, 1]  and  let  Bs  =  /3/a(e).  Applying  Lemma  3.1(d),  Lemma  3.2(c),  using  re2(l)  >  k2 (/3) 
and  (3.3),  we  have  that 


-6(£)logE[e"F(y£)/6(£)]  >E  ^  f  £(7p£)dvT  +  Fog£(eN£  ^e)  -e 

L  £  JXx  [0,T] 

bM  [  l{v£)l{m<Be}duT  +  FoQ£{sN£-1*e)  —  e 

£  JXx  [0,T] 

x/  ((^£)2  -  K3a(£)|V’£|3)  l{|v>e|<sA^  +  Fo^(eiv£  V) 

^  JXx  [0,T] 

+  i(fo  g£{eN£l^e)  -Fo  a£(efV£“  V))  -  e 

>i  If  (r)%m<BE}diyT  +  Fog£(sN£-1^) 

z  JXx [0,T] 

-  (5  -  £  -  -/3k3Mk2(1),  (3.6) 

where  the  last  inequality  follows  from  (3.5)  on  noting  that 

E  (f  o  a£(e^£_1^)  -Fo  g£(sN£~ V))  I  <  2||F||0OP{¥>6  ^  ££}  <  <5. 

By  weak  compactness  of  B2{r)  and  again  using  the  monotonicity  of  k2(/3),  {'i/’£l{|.!/,q</3/a(£)}} 
is  a  tight  family  of  i?2((Af/i2(l))1//2)-valued  random  variables.  Let  ijj  be  a  limit  point  along 
a  subsequence  which  we  index  once  more  by  s.  By  a  standard  argument  by  contradiction  it 
suffices  to  prove  (3.2)  along  this  subsequence.  From  Condition  2.2(b),  along  this  subsequence 
g£(eN£  95  )  converges  in  distribution  to  r]  =  t/o(V0-  Hence  taking  limits  in  (3.6)  along  this 
subsequence,  we  have 


lim inf  —b{e)  log E[e  F(ye)/6(£)]  >  E  -  f  tj}2duT  +  F{rj)  —  6  —  —  k^Mk2{1) 

£^°  2  Jxx  [0  T]  2 

>  E  [/(??)  +  -F(y)]  -  5  -  ^/3k3Mk2{  1) 

>  inf  [I(v)  +  ^(?7)]  -  S-  ^Pk3Mk2(  1). 

r?GU  Z 
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where  the  first  line  is  from  Fatou’s  lemma  and  the  second  uses  the  definition  of  I  in  (2.7). 
Sending  6  and  /3  to  0  we  get  (3.2). 


To  complete  the  proof  we  now  show  the  upper  bound 

linr  sup  —6(e)  log E[e_F('1  <  inf  [/(??)  +  F(rf)} . 

e — >0  ^eu 

Fix  5  >  0.  Then  there  exists  rj  G  HJ  such  that 


/(??)  +  F(r])  <  inf  [I(rj)  +  F(?y)]  +  5/2. 

T]£V 


Choose  i/>  G  L2(ut)  such  that 


1 

2 


| i/jfduT  <  I(rj)  +  5/ 2, 


/Xx[0,T] 

where  ?]  =  Go(ip).  For  /3  G  (0, 1]  define 

f  =  #(Wi<X)1  ^p£  =  l  +  a{e)ip£ 

—  a(e)  J 

From  Lemma  3.1(d),  for  every  e  >  0, 


/Xx[0,T] 


t(tpe)dvT  <fi3  (<p£  —  1  )2duT 


/Xx[0,T] 


/Xx[0,T] 


|  ip£\duT 


=  a2(E)K3 
<  a2(e)M, 

where  M  =  K3  /Xx[0  Ti  | i/\2dvT-  Thus  ip£  G  li+<e  for  all  e  >  0.  Also 


which  converges  to  ^  as  £  —>  0.  Thus  from  Condition  2.2(b) 

G£(eN£~1'f>e)  =>  Qoty). 

Finally,  from  (3.1),  Lemma  3.1(d)  and  using  6(e)e_1  =  l/a(e)2, 


—6(e)  log  IE 


-F(Y*)/b(£) 


<  6(e)e  1Lt((P£)  +  F  o  G£(eN£  i</5° ) 


1 

<  - 
-  2 

<  1(1  +  2k3/5) 


(3.7) 


(3.8) 


(3.9) 


(3.10) 


\ip£\2  duT  +  H3  I  a{e)\'i/>£\i  dvr  +  F  o  G£{eN£ 


,e  1 3 


rXx  [0 ,T] 


rXx[0,T] 


/Xx  [0,T] 

IV’I2  duT  +  Fog£(£N£~1,fe). 
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Taking  limits  as  e  — >  0  and  using  (3.10)  we  have 


lim  sup  —b(s)  log  IE 

c — >0 


o-F{Y£)/b{e) 


<-(1  +  2k3/3)  /  \i/\2dvT  +  F(g). 


Sending  (3  — >  0  gives 


lim  sup  —b{e)  log  IE 


o-F{Y*)/b{e) 


<2  j  I fi\2duT  +  F(g) 

<  1(g)  +  F(rj)  +  8/2 

<  inf  [1(g)  +  F(g)]  +  8 , 
77GU 


where  the  second  inequality  is  from  (3.9)  and  the  last  inequality  follows  from  (3.8).  Since  8  >  0 
is  arbitrary,  this  completes  the  proof  of  (3.7).  □ 


4  Proofs  for  the  Finite  Dimensional  Problem  (Theorem  2.7) 

From  Theorem  2.5  we  see  that  there  exists  a  measurable  map  G£  :  M  — »  D([ 0,  T]  :  Rd)  such  that 
Xs  =  Q£(sN£  ' ),  and  hence  there  is  a  map  Q£  such  that  Ye  =  Qe(eN£  X).  Define  Qq  :  L2{ut)  — > 
C([0,  T]  :  Rd)  by 

GoW  =  V  if  for  ^  e  L2(vt),i]  solves  (2.14).  (4.1) 

In  order  to  prove  the  theorem  we  will  verify  that  Condition  2.2  holds  with  these  choices  of  Q£ 
and  Go- 


We  begin  by  verifying  part  (a)  of  the  condition. 


Lemma  4.1  Suppose  Conditions  2-4  and  2.6  hold.  Fix  M  €  (0,  oo)  and  g£,g  G  ^(M)  such 
that  g£  — >  g.  Let  Go  be  as  defined  in  (4.1)  Then  Go{ge )  — >  Qo(fj)- 


Proof.  Note  that  from  Condition  2.4(c),  (y,  s )  i— >•  G(X°(s),y)  is  in  L2(vt).  Thus,  since  g£  — >  g , 
we  have  for  every  t  £  [0,  T ] 


/  g£(y,s)G(X°(s),y)v(dy)ds->  g(y,  s)G(X°(s),  y)v{dy)ds. 

/Xx[0,t]  JXx[0,t] 


(4.2) 


We  argue  that  the  convergence  is  in  fact  uniform  in  t.  For  that  note  that  for  0  <  s  <  t  <  T 


'  Xx  [s,i] 


9£(y,  u)G(X°(u),y)iy(dy)du 


<(l+  sup  |x°(u)|]  [  MG(y)\g£(y,u)\v(dy)du 

\  0 <u<T  J  Jxx[s,t] 


<  1+  sup  \X°(u)\)\t-s\1/2M\\MG\\2, 

\  0 <u<T 
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where  abusing  notation  we  have  denoted  the  norm  in  L2{v)  as  ||.||2  as  well.  This  implies  equicon- 
tinuity,  and  hence  the  convergence  in  (4.2)  is  uniform  in  t  £  [0,  T],  The  conclusion  of  the  lemma 
now  follows  by  an  application  of  Gronwall’s  lemma.  ■ 

In  order  to  verify  part  (b)  of  Condition  2.2,  we  first  prove  some  a  priori  estimates.  Recall 
the  spaces  7 i  introduced  in  (2.13)  and  S+e  in  (2.5). 


Lemma  4.2  Let  h  £  L2(u)  n  H  and  let  M  £  (0,  oo).  Then  there  exist  o  £  (0,oo)  such  that  for 
any  measurable  I  C  [0,T]  and  for  all  e  >  0, 

sup  /  h2(y)p>[y,s)v(dy)ds  <  o(a2(e)  +  \I\), 

>fi£S^dXxI 


where  |/|  =  A t(I)- 


Proof.  Fix  ip  £  S+>£  and  let  T  =  {y  :  \h(y)\  >  1}.  Then 


/  h2ipduT  =  /  h^ipdvT  +  /  hfipdvT- 
Jxxi  Jrxi  Jr^xi 

The  second  term  on  the  right  side  can  be  estimated  as 


(4.3) 


/rcx/ 


h2<pdvT  <  /  +  /  h2dux 

Jxxi  ~  Jxxi 


<  Ma2(£)4(  1)  +  \I 


Xxl 

2 
2 ) 


(4.4) 


where  the  second  inequality  follows  from  Lemma  3.2(b).  Consider  now  the  first  term  on  the 
right  side  of  (4.3).  Note  that  z/(T)  <  || /r|||  <  oo.  Let  5  be  as  in  the  definition  of  hi  and  let 
M(5)  =  freSh2W  n(dy).  Then,  applying  the  inequality  in  Lemma  3.1(a)  with  a  =  1,  a  =  5h 2 
and  b  =  <p/d,  we  have 


/  h2(y)tp(y,s)is(dy)ds  <  |/|  /  e5h2{v)v(dy)  +  /  l{<p(y,  s)/8)u{dy)ds 

Irxi  Jr  Jrxi 

<M(6)\I\  +  [  e(tp(y,s)/5)v(dy)ds. 

Jrxi 


(4.5) 


Note  that  for  x  >  0 


x\  x ,  ex\  x 
j)  =  5  °g(j)  “  6  + 

<hw  +  lx-i|hf7!  +  l±Ml!. 

o  do 
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Thus 

[  l(ip(y,s)/5)v(dy)ds  <  ^a2(e)  +  ci(<5)a(e)  [  \ip(y,  s)\v(dy)ds  +  c2(6)v(T)\I\,  (4.6) 

Jrxi  o  Jfxi 

where  ci(J)  =  - loJ^ ,  c2  (<5)  =  ^  and  ip  =  (ip  —  1  )/a{e).  Finally 

a(e)  /  \ip\dvT  =  a(e)  \ip\h\M>i/a(s)}di'T  +  a(e)  /  \ip\lm<i/a{e)}dvT 

JFxI  JFxI  JFxI 

<  Ma2(s)ni(l)  +  a(e)|/|1/2v/Kr)  (^J  |V’|2l{M<i/a(e)}*':r) 

<  Ma2(e)K i(l)  +  a(£)|/|1/2V/Kf)(M«2(l))1/2,  (4.7) 

where  the  first  inequality  follows  from  Lemma  3.2  (a)  while  the  second  uses  part  (c)  of  the  same 
lemma.  The  result  now  follows  by  combining  (4.5)  and  (4.4)  with  the  last  two  displays  and  using 

«(£)m1/2  <  (a(s)2  +  |/|)/2.  ■ 


Lemma  4.3  Let  h  £  L2(v)  n  TL  and  I  be  a  measurable  subset  of  [0,T].  Let  M  £  (0,oo).  Then 
there  exist  maps  d,  p  :  (0,  oo)  — ►  (0,  oo)  such  that  d(u)  J,  0  as  u  |  oo,  and  for  all  e,  (3  £  (0,  oo), 

sup  [  \h(y)ip(y,s)\l{W>p/a^)}u(dy)ds  <  d(/3)(l  +  |/|1/2), 

tpeSf1  JXxi 

and 

sup  f  | h(y)ip(y,  s)\v(dy)ds  <  p{f3)\I\1/2  +  0(/3)a(e). 
ipeSf1  JXxi 


Proof.  Let  ip  £  Sfr  and  f3  £  (0,  oo).  Then 


IXxI 


\h(y)ip(y,s)\v(dy)ds  <  /  \h{y)ip(y,s)\l{W<p/a^)}n(dy)ds 


IXxI 

+  /  \h(y)'tl>(y,s)\1m>PMe)}i'(dy)ds. 

JXxi 


(4.8) 


By  the  Cauchy-Schwarz  inequality  and  Lemma  3.2(c) 


/Xx/ 


\h(y)ip(y,s)\lm<p/a(e)}v(dy)ds  <  |/|  /  h  ( y)v{dy )  /  ip  1 {\p\<p/a(e)}v(dy)ds 


ixl 


<  IKMI2 


fMK2m1/2\i\1/2- 


1/2 


(4.9) 
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Let  p  =  1  +  a(e)ip,  and  note  that  p  £  ■  For  the  second  term  in  (4.8),  another  application  of 

the  Cauchy-Schwarz  inequality  and  Lemma  3.2(a)  give 


IXxI 


\h(y)^(y,  s)\i{\^\>f3/a(e)}^(dy)ds  < 


/  h2(y)\^{y,s)\v(dy)ds  /  \^{y,s)\lim>p/a(e-)\v{dy)ds 

'Xxl  JXxI 

1/2 


1/2 


1/2 


<  (  Afa(e)fti(/?)  /  h2(y)\^(y,s)\v(dy)ds 

JXxI 

Mki(P)  f  h2(y)\p(y,s)  -  l\v(dy)ds 
JXxI 

1/2 


<[MKi(/3)(\I\\\h\\i+  hr  ipdvT 

JXxI 


<(MK1m1/2ml\I\+^a2(e)  +  \I\))1/\ 


(4.10) 

(4.11) 


where  the  last  inequality  is  obtained  by  an  application  of  Lemma  4.2.  Recall  from  Lemma  3.1 
that  K\ (/?)  q  xhe  first  statement  in  the  lemma  is  immediate  from  (4.11)  while  the  second 
follows  by  adding  (4.9)  and  (4.11).  ■ 

Recalling  the  definition  of  li+E  in  (2.6),  we  note  that  for  every  p  £  lA+e  the  integral  equation 

dX£'V(s)  =  b{X£^{s))ds  +  [  eG(X£^(s-),y)  N£~^(ds,dy)  (4.12) 

JxT 

has  a  unique  pathwise  solution.  Indeed,  let  p  =  1/p,  and  recall  that  p  £  U+e  means  that  p  =  1 
off  some  compact  set  in  y  and  bounded  above  and  below  away  from  zero  on  the  compact  set. 
Then  it  is  easy  to  check  (see  Theorem  III. 3. 24  of  [47],  see  also  Lemma  2.3  of  [12])  that 

£t  {&)  =  exP  i  [  log (p)dN  +  f  {-p  +  l)duT\ 

(0,i]xXx[0,£_1i/J  l(0,t]xXx[0,e_L]  J 

is  an  {.Ft} -martingale  and  consequently 


Q£t(G)  =  /  S^(p)dF,  for  G  £  B( M) 

Jg 

defines  a  probability  measure  on  M.  Furthermore  P  and  are  mutually  absolutely  continuous. 
Also  it  can  be  verified  that  under  Qy,  eN£  has  the  same  law  as  that  of  eN£  1  under  P.  Thus 
it  follows  that  X£,<f  =  Q£{eNe  1(p)  is  a.s.  (and  hence  P  a.s.)  the  unique  solution  of  (4.12), 
where  Q£  is  as  in  Theorem  2.5. 

Define  Y£ =  Q£{eN£  lv),  and  note  that  this  is  equivalent  to 

1 


Y£’V  _ 


a(e) 


(X£v  -  X°). 


(4.13) 
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The  following  moment  bounds  on  X£'^  and  Y£,(fi  will  be  useful  for  our  analysis.  Lemma  4.4, 
which  is  needed  in  the  proof  of  Lemma  4.5,  has  a  proof  that  is  very  similar  to  the  proof  of 
Proposition  3.13  in  [10].  Since  a  similar  result  for  an  infinite  dimensional  model  is  proved  in 
detail  in  Section  5  (see  Lemma  5.3  (a)),  we  onrit  the  proof  of  Lemma  4.4. 


Lemma  4.4  There  exists  an  £q  £  (0,  oo)  such  that 


sup  sup  IE  sup  \X£'ip(s)\2 
ee(0,£0)  _0<s<T 


<  oo. 


Lemma  4.5  There  exists  an  £q  £  (0,  oo)  such  that. 


sup  sup  IE  sup  \Y£'V(s)\2 
£S(0,£o)  o <s<T 


<  oo. 


Proof.  Fix  ip  e  M+,e  and  let  ifj  =  (<p  —  l)/a(e).  Let  N£  1'p{dy,ds)  =  N£  lip(dy,ds )  — 
e~1(p(y,  s)u(dy)ds.  Then 

X£’v(t)  -  X°(t)  =  f  {b(X£"(s))  -  b(X°(s)))  ds+  [  eG(X£^(s-),y)N£~^(dy,  ds ) 

J  0  JXx[0,t] 

+  [  {G(X£’v(s),y)  -  G(X°(s),y))  cp(y,  s)n(dy)ds 

JXx  [0,t] 

+  [  G(X°(s),y)(ip(y,s)  -  T)v{dy)ds. 

JXx  [0,t] 

Write 

Y£w  =  A£’f  +  M£,<p  +  B£’V  +  +  C£^,  (4.14) 

where 

M£,(p(t)  =  /  G(X£^(s-),y)N£-^(ds,  dy ), 

a\£)  Jxx[0,t] 

A’-r(t)  =  -L  f  (b(X‘*(s))  -  t(X°(s)))  ds, 
aK£)  JO 

B£,<p(t)  =  /  (G(Xe*(s),y)  -  G(X°{s),y ))  v(dy)ds, 

a{£)  Jxx[o,t] 

£{ ^{t)  =  [  (G(X£’(p(s),y)  -  G(X°(s),y ))  i p(y,  s)u(dy)ds, 

JXx  [0,t] 

C£’v(t)=[  G(X°(s),y)ip(y,s)i>(dy)ds.  (4.15) 

JXx  [0,t] 
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Noting  that  M£,(p  is  a  martingale,  Doob’s  inequality  gives 

2 


IE 


sup  |  M£’V(r)  |2 

r<T 


<l^rl  s 

ale 


'Xx  [0,T] 


\G(X£^(s),y)\2e  1<p{y,s)v(dy)ds 


< 

a2(e) 


1 +  sup|X£^(t)|2  ]  [  MG(y)2p>(y,s)v(dy)d 
t<T  )  Jxx  [0,T] 


From  Condition  2.6  Mq  G  7i,  and  so  Lemmas  4.2  and  4.4  imply  that  for  some  G  (0,  oo)  and 
e  G  (0,£q),  where  eo  is  as  in  Lemma  4.5. 


sup  IE 
^  gw 


sup  |M£’»|2 

r<T 


<  7l 


a2(e)  ’ 


(4.16) 


Next  by  the  Lipschitz  condition  on  G  (Condition  2.4(b)  and  Condition  2.6(a))  and  the  Cauchy- 
Schwarz  inequality,  there  is  q2  G  (0,  oo)  such  that  for  all  t  G  [0,  T]  and  ip  G  li+e 


sup|fi,v,(r)|2  <  a2(e)  /  LG{y)\Y£^  {s^^y,  s)\v(dy)ds 

r<t  WXx[0,i]  i 


<  a2(e)sup|F£’^(s)|2  (  [  LG(y)\^(y,s)\v{dy)ds 
s<t  WXx[0,t] 


<  72a2(e)  sup|Yr£>v’(s)|2, 

S<t 

where  the  last  inequality  follows  from  Lemma  4.3. 


(4.17) 


Again  using  the  Lipschitz  condition  on  G  we  have,  for  all  t  G  [0,  IT] 

sup  \B£,ip(r)\2  <  T\\LG\\l  f \Y£^(s)\2  ds. 
r<t  Jo 

Similarly,  the  Lipschitz  condition  on  b  gives 

sup|A£’^(r)|2  <  TL2b  [  |F£^(s)|2  ds. 
r<t  Jo 

From  Lemma  4.3  again  we  have  that,  for  some  y3  G  (0,  oo)  and  all  ip  G  li+e 

sup  \C£,<p{r)\2  <  (  [  \G(X0(s),y)i>(y,s)\  v{dy)ds\ 

r<T  \Jxx[o,T]  ) 

<  (  l  +  sup|A°(s)|2  )  (  [  MG(y)\ip(y,s)\u(dy)ds 

\  S<T  )  y  Jxx  [0,T] 


<  73> 
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Collecting  these  estimates  we  have,  for  some  y4  £  (0,oo)  and  all  tp  £  U+e,  t  £  [0,  T] 

rt 


(1  -  5a2(»72)lE 


sup(y£^(s))2 

S<t 


<  74  (  1  +  _/0  E 


sup(Y£’^(r))2 

s<r 


dr  . 


Choose  £q  such  that  (1  —  5a2(e)72)  >  1/2,  for  all  e  <  eo-  The  result  now  follows  from  Gronwall’s 
inequality.  ■ 

Lemma  4.6  Let  h  £  L2{v)  n  TL.  Then  for  every  8  >  0  there  exists  a  compact  set  CcX  such 
that 

sup  sup  /  \h(y)if(y,s)\u(dy)ds  <  8. 

£>o  t/jesf1  J  ccx  [o,t] 


Proof.  By  Lemma  4.3,  for  all  £  S. 


M 


/  I h(y)ip(y,  s)l{W>p/a^y\u(dy)ds  <  $(/?)(  1  +  T1/2), 

JXx  [0 ,T] 

where  $(/?)  J,  0  as  (3  |  oo.  Choose  (30  <  oo  such  that  r?(/30)(l  +  T1/2)  <  8/2.  Next,  from  Lemma 
3.2(c),  for  any  compact  set  C  in  X 


1/2 


/  \Ky)'i/j(y,s)l{W<p/a{£)}\u(dy)ds  <  \T  /  h2(y)v(dy)  ^lm<p0  /a{e)} 

'  Ccx  [0,T]  V  JCC  JXx  [0,T] 


<  ^MTk2{P0)  h2(y)v(dy) 


1/2 


Since  h  £  L2(u),  we  can  find  a  compact  set  C  such  that 


\  V2 


MTk2{(3, q)  h2{y)v{dy)j  <  8/2 


and  the  result  follows. 


Lemma  4.7  Let  h  £  If2(u)  n  TL  and  suppose  h  >  0.  Then  for  any  j3  <  oo, 

sup  /  h(y)\’ip(y,s)\lrM>p/ar£\yi'(dy)ds^yO  as  £  -+  0. 
tpesf1  Jxx  [o,r] 


Proof.  In  view  of  Lemma  4.6,  it  suffices  to  show  that  for  any  compact  subset  C  of  ’ 


sup  /  h(y)\ip(y,  s)\l{W>p/a(£)}n(dy)ds  ->  0  as  e  0. 
ifi&Sf1  J Cx  [0,T] 


(4.18) 
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For  K  G  (0,oo),  write 

h  =  h^{h<i<}  +  hl^K}- 
From  Lemma  3.2(a),  for  any  ^  G  5^, 


'  Cx  [0,T] 


Hy)1{h<K}\'lp(y,s)\l{\i,\>l3/a(e)}v{dy)ds  <  K 


'  \fp(y,s)\l{M>i3/a^}u(dy)ds 

J  Cx  [0,T] 

<  KMni(P)a(e). 


(4.19) 


The  same  calculation  as  in  (4.10),  but  with  X  replaced  by  C  and  h  with  hl^h>Ky,  gives 


'  Cx  [0,T] 


hl{h>K}\Mlm>Pla{e)}dvT  <  (M/ei(/3)fT  /  h2l{h>K}du 


1C 


+ 


/r2l 


{h>K 


1/2 


(4.20) 

/Cx[0,T]  "  '  " 

where  tp  =  1  +  a(e)ijj.  Now  using  Lemma  3.1(a)  with  a  =  1,  a  =  5h2,  b  =  <p/5,  where  J  is  as  in 
(2.13),  we  have 

[  h2l{h>K}pduT  <T  [  e5h\ {h>K}du+f  l{h>K}£(ip/8)dvT.  (4.21) 

J  Cx  [0,T]  JC  JCx[0,T] 

Next,  noting  that  (4.6),  (4.7)  hold  for  all  measurable  sets  T  in  X,  we  have  on  applying  these 
inequalities  with  T  =  C  D  {h  >  K}, 

[  ^{h>K}Z(v/S)dvT  <  ^Ya2(£)  +  ci(<5)o(e)  [  H\^-{h>K}dvT  +  c2(8)Tv(C  D  [h  >  K]) 

JCxlO.T 1  0  J  Cx  fO.Tl 


M 


<  —  a2(e)  +  Mci{5)a2(e)Ki{l)  +  ci(J)a(e)T1-/2  v/^(C')(Mk2(1))1^2 
o 


+  c2(5)Tv{CC\  [h  >  K]). 

Thus  from  (4.19),  (4.20),  (4.21)  and  (4.22)  we  have,  for  some  M\  <  oo, 


(4.22) 


sup  [  hlipll^p/a^ydi/T  <  M1  (a2(s)  +  (K  +  l)o(e)  +  [  eSh?l{h>K} dv) 
ipes™  Jcx[o,T]  V  Jc  J 


for  all  e  >  0,  K  <  oo.  Since  jc  eSh^y)l{h>K}  v(dy)  — >  0  as  K  — ■>  oo,  the  statement  in  (4.18) 
follows  on  sending  first  e  0  and  then  K  —>  oo.  ■ 


Lemma  4.8  Let  {'if£}£> o  be  such  that  for  some  M  <  oo,  G  S^1  for  all  e  >  0.  Let  f  : 
X  x  [0,  T]  — >  M‘ d  be  such  that 

I  f(y,  «)|  <  h(y),y  G  X,  s  G  [0,  T] 

/or  some  h  in  L2(v)  n  hi.  Suppose  for  some  (3  G  (0,1]  that  if£ l{|^>e|<^/a(e)}  converges  in 
B2((Mk,2(1))1/2)  to  if.  Then 

I  fif£duT  — >  [  fipdnT,  for  all  t  G  [0,  T]. 

JXx[0,t]  JXx[0,t] 
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Proof.  From  Lemma  4.7  we  have  that 

/  \f'<pE\1{\^\>0/a<e)}d^T  -*•  0  as  £  -*•  0. 

JXx  [0,T] 

Also,  since  /lr0jt]  G  L2(vt)  for  all  t  G  [0,  T]  and  ^Elu£i<^/aM  — >  fj,  we  have 


/Xx  [0,t] 


/Xx[0,t] 


fi>dvT- 


The  result  follows  on  combining  the  last  two  displays. 


4.1  Proof  of  Theorem  2.7 

The  following  is  the  key  result  needed  for  the  proof  of  the  theorem.  It  gives  tightness  of  the  joint 
distribution  of  controls  and  controlled  processes,  and  indicates  how  limits  of  these  two  quantities 
are  related. 


Lemma  4.9  Let  {p£}e>o  be  such  that  for  some  M  <  oo,  (p£  G  U+e  for  every  e  >  0.  Let 
fi>£  =  (ip£  —  1  )/a(s)  and  (5  G  (0, 1].  Suppose  that  Y£^e  =  Q£(sN£  and  recall  that  Y£^e  = 

( X £,vr  -  J°)/a(e),  where  =  Q£(eN£  Then  {(Y£,ipe ,  ifel{\^\<^/a^e)})}  is  tight  in 

.D([0,T]  :  Md)  x  K2(l))1^2) ,  and  any  limit  point  (Y,fi)  satisfies  (2.14)  with  rj  replaced  by 

Y,  w.p.l. 


Proof.  We  will  use  the  notation  from  the  proof  of  Lemma  4.5.  Assume  without  loss  of  generality 
that  e  <  £q.  From  (2.4)  and  (4.16)  we  have  that  E[supr<T  [r)\2]  — ■>  0  as  e  — >  0.  Also,  since 

from  Lemma  4.5  supe<£Q  E  [sups<r(T£,¥,e(s))2]  <  oo,  (4.17)  implies  that  E[sup  s<T  \£l  ^  (s)|2]  > * 

0. 


Noting  that  X£,lfS  (t)  =  X°(t)  +  a(£)Y£,<pS  (t)  we  have  by  Taylor’s  theorem 

G(X£^(s),y)  -  G(X°(s),y)  =  a{e)DxG{X\s),y)Y£^ (t)  +  R£^ (s,y) 

where 

\R£^(s,y)\<LDG(y)a2(e)\Y£^(s)\2 

Hence 

B£,v>e  (t)  =  [  DxG(X°(s),y)Y£^e(s)iy(dy)ds  +  Sl’lpe{t), 

JXx  [0,t] 

where  with  KDG  =  fxLDG(y)n(dy), 

sup|£|’^  (r)|  <KDGa(s)  [  (Y6^ (s)\2ds. 

r<T  JO 
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Thus  using  Lemma  4.5  again,  IE[supr<T  |£|,VP  (r)|]  — >  0.  Similarly, 

A£^(t)  =  f  Db(X°(s))YE’V(s)ds  +  £l'v\t) 

Jo 

where  f)[supr<T  (r)|]  — >  0. 

Putting  these  estimates  together  we  have  from  (4.14) 

Ye’Ve(t)  =  ££^{t)  +  f  Db(X\s))Y£^\s)ds 

Jo 

+  [  DxG(X°(s),y)Y£’(f,e  (s)v(dy)ds  +  [  G(X°(s),y)iJj£(y,  s)v(dy)ds 

JXx[0,t]  JXx[0,t] 

(4.23) 

where  E£^  =  M£ ^  +  £{^  +  8^  +  8 ^  =>  0. 

We  now  prove  tightness  of 

B£,ipS  (■)  =  f  DxG(X°(s),y)Y£’Ve(s)v(dy)ds,  C£^  (•)  =  /  G(X°(s),  y)^(y,  s)v{dy)ds 


/Xx[o,-; 


/Xx[o,-; 


and 


AE’V  (-)=  /  Db{X°(s))Y£’V  (s)ds. 

Jo 

Applying  Lemma  4.3  with  h  =  Mq 

\C£’Ve(t  +  6)-C£ve(t)\  =  f  \G(X°(s),y)\\r(y,s)Hdy)ds 

JXx  [t,t-\-8] 


<  1 +  sup  \X 

\  0<s<T 


0|  '  /  MG(y)\'ip£(y,s)\iy(dy)ds 

JXx  [t,t+5] 


<  (l+  sup  \X®\ ]  (p(l)j1/2  +  i?(l)a(e)). 
\  0<s<T  ) 


(4.24) 


Tightness  of  {C£,ipE}£> o  in  C([0,T]  :  Md)  is  now  immediate. 


Next  we  argue  the  tightness  of  B£,lfE .  Recall  that  mj  =  supsgr0  T]  |X°(s)|.  Then,  for  0  <  t  < 
t  +  8  <T 

\B£^(t  +  8)-B£^{t)\2  =(  f  DxG{X\s),y)Y£«\s)v{dy)ds ) 

\JXx[t,t+5]  ) 


<  sup  /  \DxG{x,y)\opv(dy)  /  \Y£’V  (s)\ds 

\  •'X  J  J[t,t-\-8]  j 

<  Ki  sup  \  Y£,ipe  {t)\2S, 

t<T 
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where  J<2  =  T sup|xi<mT  fx  | DxG(x,  y)\opis(dy),  which  is  finite  from  Condition  2.6  (b).  Tightness 
of  {B£,v}£> o  in  (7([0,  T]  :  Md)  now  follows  as  a  consequence  of  Lemma  4.5.  Similarly  it  can  be 
seen  that  A is  tight  in  C([0,T]  :  Md)  and  consequently,  Y£,ifi£  is  tight  in  D([0,T]  :  Md).  Also, 
from  Lemma  3.2(c),  ipel{\^\<p/a(E)}  takes  values  in  ^((M K2(l))1//2)  for  all  £  >  0  and  by  the 
compactness  of  the  latter  space  the  tightness  of  ip£ln^e\ <p/a(e)}  is  immediate.  This  completes 
the  proof  of  the  first  part  of  the  lemma.  Suppose  now  that  (Y6’^  ,  V;£l{|i/>£|</3/a(e)})  along  a 
subsequence  converges  in  distribution  to  (Y,ip).  From  Lemma  4.8  and  the  tightness  of  C£'Lf>e 
established  above 

Y£,lf\  [  G(X°(s),y)ip£{y,s)v(dy)ds 

JXx[  0,-] 

converges  in  distribution,  in  D([0,T]  :  M2d),  to  (Y,  fXx [Q  ,  G(A°(s),  y)ip(y,  s)v(dy)ds).  The 
result  now  follows  on  using  this  in  (4.23)  and  recalling  that  ££'Y  =^-0.  ■ 

We  now  complete  the  proof  of  Theorem  2.7. 


Proof  of  Theorem  2.7.  It  suffices  to  show  that  Condition  2.2  holds  with  Q£  and  Go  defined 
as  at  the  beginning  of  the  section.  Part  (a)  of  the  condition  was  verified  in  Lemma  4.1.  Consider 
now  part  (b).  Fix  M  6  (0,  oo)  and  /3  6  (0, 1].  Let  {tp£}£> o  be  such  that  for  every  e  >  0,  (p£  £  U+e 
and  ip£  1  { |-0e | </3 /a.(e)}  =>  ip  in  i?2((M/i2(l))1//2),  where  ipE  =  (( p£  —  1  )/a(e).  To  complete  the  proof 
we  need  to  show  that 

G£(sN£~ V)  =>  5oW. 


Recall  that  G£ (eN£  =  From  Lemma  4.9  {(Y£,<pe ,  ip£l{\ipe\<p/a(£)})  is  tight  in  D([0,  T]  : 

Md)  X  i?2((AfK2(l))1^2)  and  every  limit  point  of  y£W  must  equal  Go{ ip)-  The  result  follows.  ■ 


4.2  Proof  of  Theorem  2.8 

Fix  rj  G  C([0,T]  :  Rd)  and  5  >  0.  Let  u  £  L2([0,  T]  :  Rd)  be  such  that 

\  \u(s)\2  ds<  I (y)  + 6 

and  (77,  u)  satisfy  (2.15).  Define  ip  :  X  x  [0,  T)  — >  M  by 

d 

i>{y, s)  =  Ms)ei(yi «),  (y, s)  eXx  [o, t\.  (4.25) 

i=l 

From  the  orthonormality  of  ej(-,s)  it  follows  that 

l  [  \ip\2duT  =  \  j  |w(s)|2ds.  (4.26) 

A  JXx[0,T\  Z  ^0 
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Also 

d 

[i4(a)u(s)]i  =  ^2(Gi(X°(s),-),ej(-,s))L2iu)uj(s) 
i= i 

=  /g*(X°(s),  a)«j(s)\ 

'  J=1  '  L2{v) 

=  (G1(X°(S),-),3P(;S)}L^), 

so  that  A(s)w(s)  =  f  ip(y,s)G(X°(s),y)n(dy)ds.  Consequently  77  satisfies  (2.14)  with  ip  as  in 
(4.25).  Combining  this  with  (4.26)  we  have  I{rj)  <  7(77)  +  5.  Since  5  >  0  is  arbitrary  we  have 
/(t?)  <  7(r/). 


Conversely,  suppose  ip  £  L2{vt)  is  such  that 


1/ 

2  7xx[o,t] 


|V;|2^t  <  7(77)  +  5 


and  (2.14)  holds.  For  i  =  1, . . , ,  d  define  ut  :  [0,  T]  — >  M  by 


Ms)  =  (V;(->'S),ei(-,s))L  2M. 

Note  that  with  u  =  (tti, . . . ,  n^), 


1 

2 


Tr(s)|27s 


7°  o=i 


<  o  /  [  ip2(y,s)u(dy)ds 

1  Jo  Jx 

<  7(77)  +  <5. 


(4.27) 


For  s  £  [0,  T],  let  {ej(-,  s)}°2=d+1  be  defined  in  such  a  manner  that  {ej(-,  s)}^!  is  a  complete 
orthonormal  system  in  L2(v).  Then,  for  every  s  £  [0,T] 


d 

[A(s)w(s)]i  =  ^(Gj(I°(s),  •),  ej(-,  s))L2M(^(-,  s),  ej(-,  s))L2(l/) 

3= 1 

OO 

=  ^(G*(A°(s),  •),  ej(-,  s))L2{u)(ip(-,  s),ej(-,s))L 2(l/) 
i=i 

=  (Gi(X°(s),.),^(-,a))L2M 

where  the  second  equality  follows  on  observing  that  Gi(X°(s),  •)  is  in  the  linear  span  of  {ej(-,  s)}^=1 
for  every  i  =  1, d.  So  A(s)u(s )  =  f  ip(y,  s)G(X°(s),  y)i/(dy)ds  and  therefore  (77,77)  satisfy 
(2.15).  Combining  this  with  (4.27)  we  get  7(77)  <  7(77)  +  5.  Since  5  >  0  is  arbitrary,  7(77)  <  7(77) 
which  completes  the  proof. 
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5  Proofs  for  the  Infinite  Dimensional  Problem  (Theorem  2.14) 

From  Theorem  2.12  there  is  a  measurable  map  G£  :  M  — >  D([0,T]  :  such  that  Y£  = 

G£(eN£  *).  Also,  in  Theorem  5.1  below  we  will  show  that  for  every  if  £  L2(ut)  there  is  a  unique 
solution  of  (2.27).  We  denote  this  unique  solution  as  Go{if).  In  order  to  prove  the  theorem  it 
suffices  to  show  that  Condition  2.2  holds  with  G£  and  Go  defined  as  above. 

Recall  that  Conditions  2.11  and  2.13  involve  numbers  p  <  q  <  q±.  We  start  by  proving  the 
unique  solvability  of  (2.27). 


Theorem  5.1  Suppose  Conditions  2.11  and  2.13  hold.  Then  for  every  if  £  L2(vt),  there 
exists  a  unique  p^  £  (7([0,  T],  4>_gi)  that  solves  (2.27).  Furthermore,  for  every  M  £  (0,  oo), 
suPil>eB2(M)  SUPo<t<T  11^)11—9  <  °°- 


Proof.  Fix  M  £  (0,oo),  and  for  if  £  B2(M),  let  p^(-)  =  /Xx[0  .]  G(A°(s),  y)if(y,  s)v{dy)ds.  By 
an  application  of  the  Cauchy- Schwarz  inequality,  Condition  2.11(b)  and  the  definition  of  vit  in 
(2.22),  we  see  that  for  every  such  if  and  0  <  s  <  t  <  T 


f  G(X°(r),y)if(y,r)is(dy)d 

JXx  [s,t] 

<(t-  s)1/2M(  1  +  mT)  (^McO/Mcft/)^ 
=  (t  —  s)^2my, 


\  1/2 


(5.1) 


where 


mfp  =  M(1  +  tut) 


M, 


G(y)v{dy)J 


\  r/2 


(5.2) 


This  shows  that  rj^  is  in  C([0,T]  :  <h-p).  Henceforth  we  suppress  if  from  the  notation  unless 
needed.  With  Av  as  in  Condition  2.13,  define  b  :  [0,  T]  x  <f>_g  — >  4)_gi  by 


b(s,v)  =  Axo{s)(v  +  i)(s))  + 


Dx  (G(X°(s),y)[})  [v  +  Tj(s)}u(dy),  (. s,v )  £  [0,T]  x  (5.3) 


The  right  side  in  (5.3)  indeed  defines  an  element  in  4>_91  as  is  seen  from  the  definition  of  Av  and 
the  estimate  in  (2.26).  Note  that  p  solves  (2.27)  if  and  only  if  fj  =  p  —  p  solves  the  equation 

p(t)  =  f  b(s,p(s))ds.  (5.4) 

Jo 

We  now  argue  that  (5.4)  has  a  unique  solution,  namely  there  is  a  unique  p  £  C([0,T]  :  4>_gi) 
such  that  for  all  cf  £  4> 

=  I  b(s,p(s))[(f]ds,  t  £  [0,  T\. 

Jo 
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For  this,  in  view  of  Theorem  3.7  in  [10],  it  suffices  to  check  that  for  some  K  <  oo,  b  satisfies  the 
following  properties. 

(a)  For  all  t  £  [0,T]  and  u  £  &~q,  b(t,u )  £  4>_?1,  and  the  map  u  i— >  b(t,u)  is  continuous. 

(b)  For  all  t  £  [0,  T ],  and  <f>  £  4>,  2 6(f,  <  K{  1  +  ||0||?-q)- 

(c)  For  all  f  £  [0,  T],  and  u  £  4>_q,  ||6(t,  u)||?_g1  <  /l  (1  +  ||u||?_g). 

(d)  For  all  t  £  [0, T],  and  ui,U2  £  •L-q, 

2(b(t,ui)  -  b(t,U2),ui  -  u2)-qi  <  AT||ui  -  u2||?_91.  (5.5) 


Consider  first  part  (a).  For  s  £  [0,  T ]  and  £  4>_g,  define  Axo^(r])  :  >  M  by 

A-xO(s)(v)[4>]  =  [  Dx  ( G(X°(s),y)[<t>' ])  [rf\u{dy). 

J  X 

Note  that  b(s,v )  =  Axo(,,)(u  +  rj{s))  +  Axo(s)(u  +  f/(s)).  Let  K\  =  max{\ /Tm).,  1},  with 
defined  in  (5.2).  Then  using  Condition  2.13(c)  and  (5.1)  we  have,  for  each  fixed  s  £  [0,T],  that 

I4y°(s)(v  +  *Ks))MI  <  KlM*DG(l  +  Ibll-qJll^llqi,  0  £  $qi,V  £  $-q.  (5.6) 

Consequently,  for  each  fixed  s,  v  t— >  AxorsAv  +  rj(s))  is  a  map  from  4>_g  to  Also,  from 

Condition  2.13(b)  for  each  fixed  s,  v  i— >  Axo(s)(v  +  rj(s))  is  a  map  from  4>_g  to  &-qi-  By  the 
same  condition  the  map  v  <— >  Ax ors\(v  +  f/(s))  is  continuous  for  each  s.  Also,  from  Condition 
2.13(c)  we  have  for  each  fixed  s  £  [0,T]  and  v,v'  £ 

\Axo(s)(v  +  v(s))[4>}- Ax0{s)(v' +  fi(s))[(/)}\  <  M*DG\\v  -  v'\\-qi\\ct)\\qi,  0£$gi.  (5.7) 

Consequently  the  map  v  e- >  Axors\(v  +  f/(s))  is  continuous  as  well.  This  proves  (a). 

For  (b)  note  that  again  using  Condition  2.13(c)  and  (5.1),  for  <f>  £  4>, 

A-xo^s)^  +  V(s))[9q(j)\  <  [  Mdq(X° (s) ,  y)\\9 q(f>\\q\\(J)  +  fi(s)\\-qu(dy) 

Jx 

+\\4>\\-q)\m-q.  (5.8) 

Also,  from  (2.25) 

2Axo(s)(^  +  7}(s))[6g<f>]  <  Cudl^H-q  +  Vfm^)\\(j)\\-q. 

Combining  this  estimate  with  (5.8)  we  have  (b). 

Consider  now  part  (c).  Note  that,  from  (5.6)  we  have 

IIAx:°(s)(v  +  7~?(S))I|-<?1  <  AiM^)G(1  +  IHI— qj,  V  £  <L_q. 
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Also,  from  (2.23)  and  (5.1) 

\\Ax°(s)(v  +  v(s))\\-qi  <  Ma(  1  +  Vf +  IMI-q),  v  G  $-g. 

Combining  the  last  two  estimates  we  have 

||&(f,u)||_q1  <  (KxMqq  +  Ma)(1  +  VTmJ  +  |M|-q),  v  G  3>_g  (5.9) 

which  verifies  part  (c). 

Finally,  for  (d)  note  that  from  (2.24),  for  all  it  1,1*2  G  4>_g  and  s  G  [0,T] 

(ui  -  u2,Axo(s)(ui  +  fi{s))  -  Axo(s)(u2  +  f){s)))-qi  <  La\\ui  -  u2\\2Lqi.  (5.10) 

Also,  from  (5.7),  for  all  u±,U2  G  &-q  and  s  G  [0,  T] 

{ui  -  it2, 4x-°(*)(«i  +  ^(s))  -  Ax0(s){u2  +  f]{s)))-qi  <  (5.11) 

Part  (d)  now  follows  on  combining  these  two  displays. 

As  noted  earlier,  we  now  have  from  Theorem  3.7  in  [10]  that  (5.4)  and  therefore  (2.28)  has 
a  unique  solution  in  C([0,T],  4>„gi).  Also,  from  the  same  theorem  it  follows  that 

sup  sup  ||77(£)||_9  <  oo. 

V>6B2(M)0<t<T 

The  second  part  of  the  theorem  is  now  immediate  on  noting  that 

sup  sup  \\r]Jt)\\-q  <  VTm^  +  sup  sup  \\fj{t)\\-q. 
ipeB2(M)  0<t<T  0<t<T 


The  following  lemma  verifies  part  (a)  of  Condition  2.2. 


Lemma  5.2  Suppose  that  Conditions  2.11  and  2.13  hold.  Fix  M  G  (0,  oo)  and  ge,g  G  ^(M) 
such  that  ge  — >  g.  Let  Go  be  the  mapping  that  was  shown  to  be  well  defined  in  Theorem  5.1. 
Then  Go{g£)  ->  Go(g)- 

Proof.  From  (5.1)  and  the  compact  embedding  of  <J>_p  into  we  see  that  the  collection 

V e(')=  [  G(X°(r),  y)g£(y,  r )u(dy)dr 

JXx  [0,-] 

is  precompact  in  C([0,  T]  :  4>_g).  Combining  this  with  the  convergence  g£  — >  g  and  the  fact  that 
(s,y)  e- >  G(A°(s),  y)[4>\  is  in  L2(vt)  for  every  G  4>,  we  see  that 

f}£  — ■>  f]  as  e  — >  0  in  C([0,  T]  :  4>_g)  (5-12) 
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where  fj  =  JXxrQ  ,  G(X°(r),y)g(y,r)i,(dy)dr.  Next,  let  y£  denote  the  unique  solution  of  (2.27) 
with  if:  replaced  by  g£  and,  as  in  the  proof  of  Theorem  5.1,  define  r/e  =  r/£  —  f]£.  From  Theorem 
5.1 


Mfj  =  sup  sup  \\rje(t)\\-q  <  oo. 
£>0  o <t<T 


(5.13) 


Also,  for  every  fixed  (f>  €  <h,  g£  solves 


be(s,riE(s))[(j)}ds, 


(5.14) 


where  b£  is  defined  by  the  right  side  of  (5.3)  by  replacing  f)  with  i)£. 


Next,  let  r]  £  C([0,  T]  :  be  the  unique  solution  of 


V(t)[<t>]  =  /  b(s,ri(s))[(f)\ds,  $  G  $, 

J  o 

where  b  is  as  in  (5.3).  Let  Av  =  Av  +  Av  and  ae(s)  =  Axo(s){T)£(s)  +f/£(s))  —  AxotsArj(s)  +  fj(s)). 
Using  the  same  bounds  as  those  used  in  (5.9),  (5.10)  and  (5.11),  there  is  K  <  oo  such  that 

ll*7e(*)  -  *K*)II-91  =  2  [  ( be(s,V£(s ))  -  b(s,rj(s)),fj£(s)  -  fj(s))-qids 
Jo 

=  2  (a£(s),f]£(s)  -  fj(s))-qids 

Jo 

'  /  (ae{s),  {fj£(s)  +  y£(s))  -  +  fi(s)))-qids  +  2  /  (a£(s),  f){s)  -  Tje(s))-qids 

Jo  Jo 

\(v£(s)  +  V£(s)  -  (ri(s)  +  r/(s))\\2_qids  +  K2  [  ||f)(s)  -  rj£(s)\\-qids, 

Jo 

where  K2  =  2(A”i M^G  +  Ma)(  1  +  VTmJp  +  Mq)  and  Mq  is  from  (5.13).  Thus 

\\Ve(t)  ~  V(t)\\ -qi<2K  f  \\T)£(s)-ri(s)\\2_qids  +  K3  f  (\\ri£(s) -g(s)\\2_qi  +  \\ri£(s) -rj(s)\\-qi)ds, 

Jo  Jo 

where  K3  =  K2  +  2 1\.  The  result  now  follows  on  combining  this  with  (5.12)  and  q  <  qi,  and 
using  Gronwall’s  lemma.  ■ 


=  2 

<  K 


We  now  consider  part  (b)  of  Condition  2.2.  For  ip  G  U+,e  let  X£ &  =  Q£{eN£  1,f).  As  in 
Section  4  it  follows  by  an  application  of  Girsanov’s  theorem  that  X£,lf  is  the  unique  solution  of 
the  integral  equation 

X^[(j)]=x0[ct>]+  f  b(X£^)[4>\ds  +  e  [  G(X^,yMN£-^(dy,ds),  ^4  (5.15) 

Jo  Jxx[0,t] 

Define  Y£ w  as  in  (4.13).  Then  YE^  =  ^(eJV6-1^). 
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The  following  moment  bounds  on  Xe ,tf>  and  Y£,v  will  be  key.  The  proof  of  part  (a)  is 
given  in  Proposition  3.13  of  [10].  However,  equation  (3.33)  in  [10]  contains  an  error,  in  view  of 
which  we  give  a  corrected  proof  below.  The  idea  is  to  first  approximate  X6^  by  a  sequence  of 
finite- dimensional  processes  and  obtain  an  analogous  equation  for  the  d-dimensional 

process  for  every  value  of  d.  The  desired  estimate  follows  by  first  obtaining  an  estimate  for  the 
finite  dimensional  processes  that  is  uniform  in  d  and  then  sending  d  — >  oo. 


Lemma  5.3  Suppose  Condition  2.11  and  2.13(d)  hold.  Fix  M  <  oo.  Then  there  exists  an 
£o  >  0  such  that 


(a) 


sup  sup  IE  sup  ||We’¥,(,s)||2 
£e(0,£0)  _0<s<T 


<  oo. 


(b) 


sup  sup  IE  sup  ||T£,¥:’(s)||2 
£S(0,£0)  ip&U™e  _0 <S<T 


<  oo. 


Proof.  We  first  prove  part  (5.3).  We  follow  the  steps  in  the  proof  of  Theorem  6.2.2  of  [48] 
(see  also  the  proof  of  Theorem  3.7  in  [10]).  Recall  that  {A/ljeN  is  a  CONS  in  4>o  and  a  COS  in 
$„,n£l  For  d  6  N  let  7Td  :  4>_p  — *  Rd  be  defined  by 

7 Td(u)  =  (u[4^\,...,u[4^]y,  U  €  4>_p. 

Let  Xq  =  7Trf(xo).  Define  (3d  :  Rd  — *  Rd  and  gd  :  Rd  x  X  — >  Rd  by 

Pd(x)k  =  b  [0^],  gd(x,y)k  =  G  (^2j=1Xj(t>jP,y 

where  r]\(j)\  was  defined  in  (2.16).  Next  define  'yd  :  4>'  — >  T'  by 


l],k  =  l,...,d, 


7du  =  5^u[^]0jfcp, 

k= 1 


and  define  :  4>'  — >  3>'  and  Gd  :  3>'  x  X  — ■>  by 

bd(u)  =  7*6(7' du),  Gd(u,  y)  =  7 dG(1du,  y). 

It  is  easy  to  check  that  for  each  J  6  N,  bd  and  Gd  satisfy  Condition  2.11  [with  (. Mbd ,  MGd ,  Cbd ,  Lbd ,  LGd) 
equal  to  (Mb,  Mq,  Cb,  Lb,  LG)  for  all  d] ;  see  the  proof  of  Theorem  6.2.2  in  [48] .  Also,  from  Lemma 
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6.2.2  in  [48]  and  an  argument  based  on  Girsanov’s  theorem  (as  in  Section  4)  it  follows  that  the 
following  integral  equation  has  a  unique  solution  in  U([0,  T]  :  Rd)  for  all  ip  £  U+,s- 

x£’d’V(s)  =  xd  +  f  pd(x£’d’V(s))ds  +  [  egd{x£’d’,fi{s-),y)Ne~1V(dy,  ds ). 

Jo  Jxx[0,t] 

Let 

d 

X£’d’V(t)  =  ^xf’*(t)(l>-p,  te[0,T}. 

k=  1 

Then,  with  X$  =  Ylk=i(xo)k<f>kP >  for  G  [0>r] 

Xe-d>v(t)  =  *<*  +  [  bd(XE’d^(s))ds  +  [  £Gd(XE’d’V(s-),y)N£~1v(dy,ds). 

Jo  ilx  [0,t] 


We  next  prove  that  there  exists  £q  >  0  such  that 


sup  sup  IE 

dm  £S(0,e0) 


sup  ||Xe’I,’1'(s)||i 


0  <t<T 


<  oo. 


The  proof  is  similar  to  Lemma  6.2.2  in  [48]  (see  also  the  proof  of  [10,  Proposition  3.13]),  and 
therefore  we  just  outline  the  main  steps.  By  ltd’s  lemma 


\\x‘Avmi, 

'-0/-AN2 


=  \\X°(t)\\2_p  +  2  [  bd{X£’d«(s))\OpX£'dV(s)]ds 
Jo 


+  2/  (x£’d’V(s),Gd(X£’d’*(s),y))  ipdvT  +  /  e\\Gd(X£’d’*(s),  y)\\2_p<pdvT 

Jxx  [0,t]  X  '  ~P  Jxx[0,t] 


+  2 
JXx  [0,t] 


X£’d’*(s-),  £Gd{X£’d'v,(s-)1y)^  +  || eGd(Xs>d’v(s-), 


-p 

,d 


1 2 

I  -P 


dN£  Y 


(5.16) 


Recalling  that  Condition  2.11(c)  holds  with  b  =  bd  (with  the  same  constant  Cb  for  all  d),  we 
have  ^  ^ 

2  (x£’d’V(s),bd{X£’d’V(s))^  ds  <  Cbj^  (1  +  \\X£^{s)f_p)ds. 

Now  exactly  as  in  [10,  Proposition  3.13]  it  follows  that  there  exists  L\  £  (0,  oo)  such  that  for  all 
d  £  N,  e  £  (0, 1)  and  <p  £  U+>e 


sup  \\X£,d,<p(s)\\2_p  <  L± 

0  <s<T 


sup  \Md(s)\ 

0  <s<T 


(5.17) 


where  Md(t)  is  the  last  term  on  the  right  side  of  (5.16)  (see  (3.35)  in  [10]).  Once  more,  exactly 
as  in  [10]  (see  (3.36)  and  (3.37)  therein)  one  has  that  there  is  a  L2  £  (0, 00)  such  that  for  all 
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d  €  N,  s  G  (0, 1)  and  ip  €  U+  £ 

E  sup  \Md(s)\  <  eL2  ( 1  +  E  sup  ||X£’d’¥’(f)||2  ]  +  (^E  sup  \\X£’d’v(t))\\2_  . 

0  <s<T  \  0  <t<T  I  o  0  <t<T 

Using  the  last  estimate  in  (5.17)  we  now  have  that,  for  some  £o  >  0, 

sup  sup  sup  E  sup  ||A£’d,¥,(t)||2  <  oo.  (5.18) 

deNee(o,e0)v>GW£e  o<t<r 

Also  an  application  of  Girsanov’s  theorem  and  Theorem  6.1.2  of  [48]  shows  that  X£,d converges 
in  distribution,  in  D([0,T]  :  <f>_?)  to  the  solution  of  (5.15).  The  estimate  in  part  (5.3)  of  the 
lemma  now  follows  from  (5.18)  and  an  application  of  Fatou’s  lemma. 

We  now  prove  part  (5.3)  of  the  lemma.  By  ltd’s  formula, 


II Xs* (t)  -  X°(t)  11%  =  2  f{X^{s)  -  X°(s)1b(X^(s))  -  b(X°(s))).qds 

Jo 

+  2  [  (X^{s)  -  X°(s),  G(X^(s),y)  -  G(X°(s),  y))) -qv[dy)ds 

JXx  [0,t] 

+  2  [  (X£’*(s)  -  X°(s),  G(Xe#(s),y))-q(<p  -  l)v(dy)ds 

JXx  [0,t] 

+  [  e\\G(X£’,f(s),y)\\2_qpu(dy)ds 

JXx  [0,t] 

+  [  (2  {X£*(s-)-X°(s-),eG(X£*(s-),y))-q 

JXx[0,t]  v 

+  \\sG(X£’V(s-),y)\\2_q)  N£~1<p(dy,  ds) 

=  a2(e)  (Ae’v  +  B£ ^  +  C£’v  +  +  M[’v  +  M^) . 

By  Condition  2.11(d),  for  all  t  G  [0,  T] 

sup  A£,v{r)  <  2Lb  [  \\Y£’v(s)\\2  ds. 

0 <r<t  Jo 

Also  by  Condition  2.11(e) 

sup  \B£«{r)\  <  IILgIU  f  \\Y^{s)f_qds. 

0 <r<t  Jo 
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Next,  note  that  with  ip  =  (<p  —  1  )/a{e) 

\(Y^(s),G(Xs’*(s),y))-q\\iP\dvT 


sup  |C£’^(r)|  <  2 

0  <r<t 

<  2 

<  2 

<  2 


'Xx[0,q 


Xx  [0 ,t] 


Xx  [0,t] 


/Xx  [0,t] 


\Y£,{p{s)\\-q\\G{Xe^{s),y)\\-q\^\dvT 

l^toll-*  [||G(X°(S),y)||_(Z  +  LG(y)a(£)||y^(S)||_9]  |^|*/r 

|Y**(S)||_ffJfc(y)M  (l  +  a(e)||Y^(s)|U)  duT, 


where  for  y  6  X,  i?G(y)  =  MG(y)(l  +  rwr)  +  LG(y).  Thus 


sup \C£^(r)\  <  2a(£)sup||y£^(r)||2 


r<t 


r<t 

=  t1  +  t2. 


'Xx  [0,t] 


RG{y)\MduT  +  2 


/Xx  [0,t] 


l^£’¥,(s)ll-g-RG(2/)|V,|^T 

(5.19) 


Consider  now  T2.  Note  that  RG  G  L2(z/)n?L  We  can  therefore  apply  Lemma  4.3  with  h  replaced 
by  Rg.  For  any  (3  <  oo 


T2  =  2 


/Xx  [0,t] 


<  2  sup  ||yw(r)||_,0(0)(l  +  s/T)+  f  [r*^(r)||2_,^(j/)  +  |Vf  1{|V>|</3/a(e)}] 

r<t  JXx[0,t] 

<2sup||y^(r)||_gd(/3)(l  +  VT)  +  L1  / 
r<t  ./[c 


\Y£,ip  (s)\\_qds  +  Mk2((3), 


(5.20) 


where  L\  =  jY  R^Q(y)v(dy)  and  in  the  last  inequality  we  have  used  Lemma  3.2(c).  Once  again 
from  Lemma  4.3 

L2  =  sup  sup  2  /  RG(y)\,ip\di'T  <  oo. 
eS(0,l)  V>65£m  Jxx  [0,T] 

Using  a  <  1  +  a2  and  the  last  two  estimates  in  (5.19),  we  have  that 

sup  | (7^(7-) |  <  L(/3)  +  sup  ||y£’<lf’(r)||^ q{L2a(e)  +d(/3))  +  Li  [  ||U£,¥,(s)||?.  ds,  (5.21) 

r<t  r<t  J[0,t] 

where  $(/?)  =  2i?(/?)(l  +  y/T)  and  L(/3)  =  Mk2(/3 )  +  $(/?). 

Next  note  that 

supf1£^(r)  <  [  (1  +  \\Xs'V(s)\\-p)2Ml(y)tp(y,s)dvT 

r<t  a\e)  Jxx[ 0,t] 

/ 

.  .  ...r2, 

-V 


a2(e) 


l  +  sup||X£^(S)||_, 
s<T 


/Xx[0,t] 


MG(y)tp(y,s)dvT. 
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Since  Mq  G  L2(y)  fl  TL,  we  have  from  Lemma  4.2  that 


L3  =  sup  sup 

£6(0,1)  e  4Xx  [0,1] 


/  Mq  (fdUT  <  00, 
./Xx  fo.il 


and  consequently  for  all  e  G  (0,  £q) 


IE 


sup  £i(r) 


r<t 


<  La 


a2{e) ’ 


where  L4  =  2L3  sup,^e^M  (1  +  IEsup0<s<r  || Xe,{f>  {s)\\2_p)  <  00  by  part  (a)  of  the  lemma  if  £0  >  0 
is  small  enough.  Next,  an  application  of  Lenglart-Lepingle-Pratelli  inequality  (see  Lemma  2.4 
in  [49])  gives  that  for  some  L5  G  (0,oo) 

1  V2 


IE 


sup  M^  (s) 
0<s<T 


Lk  - 

- 

a2(£) 

<^/£e 


'lx  [0,T] 


/Xx  [0,1] 


(X^s)  -  X°(s),eG(Xe^(s),2/)>^£  1ipv(dy)ds 


X^(s)-X°(s)\\2_  q\\G(X^(s-),y)\\2<pv(dy)ds 


1/2 


< 


a(e) 

L§\/£ 
2  o(e) 


1/2' 


sup||Y^(s)||_J  / 

s<l  UXx[0,t] 


||G(X£^(s),  y)  ||lg^z/(dy)ds 


Esup  ||Ye,v(s)||2?  +  IE  fl  +  sup  [  MG(y)2ipv(dy)ds 

s<t  V  s<t.  J  iXx  [0,t] 


Finally, 


E 


sup  M2  (s ) 

o<s<t 


< 

a2(e)  , 

+^4)e 

<  / 

a2(e)  J 


Xx  [0,T] 

/ 

JXx  [0,T] 
Xx  [0,T] 


||eG(Xe^(s-),z/)||2  N^(dy,ds) 


e\\G(X^(s),y)\\2_q<pdvT 


\\G(X^(s),y)\\2_q<pdvT 


— 


sL^ 


a2(e ) ’ 


Let  £1  G  (0,  £0)  be  such  that  for  all  £  6  (0,  £1),  nrax{£,  o(£),  <  1-  Collecting  terms  together, 

we  now  have  for  all  £  G  (0,  £1) 

rt 


E 


suP||y^(s)||2_, 

.  s<t 


<  K\  I  E 

+ 


sup||Ye*(r)||*, 

r<s 


ds  +  L{P)  +  2L4  + 


L2a(e)  +  L52 W)+m. 


E 


SUp  11^(5)11^ 

.  S<t 
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where  K\  =  2Lb  +  ||Lg||i  +  L\.  Since  $(/?)  — >  0  as  /?  — >  oo,  we  can  find  /30  <  oo  and  £2  G  (0,£i) 
such  that  for  all  £  G  (0,  £2),  L2d(e)  +  20(e)  ^  ^(/®o)  <1/2.  Using  this  in  the  above  inequality, 

for  all  £  G  (0,  £2) 

I  sup  ||ye’¥,(s)||2.(?  <  i^2  +  ^  [  E  sup  ||y£,¥,(r)||?.(?  ds, 

_s<t  .  2  JO  Lr<s 

where  Ji2  =  ^(U(/30)  +  2L4  +  L ) .  The  result  now  follows  from  Gronwall’s  inequality.  ■ 

The  following  result  will  be  used  in  verifying  part  (b)  of  Condition  2.2.  Recall  the  integer 
qi  >  q  introduced  in  Condition  2.13. 

Lemma  5.4  Suppose  Conditions  2.11  and  2.13  hold.  Let  £q  >  0  be  as  in  Lemma  5.3,  and 
let  {<pe}£e(o,e0)  be  such  that  for  some  M  <  00,  <p£  G  U+e  for  every  £  G  (0, £0).  Let  if£  = 
(<p£  -  1)/ a{e)  and  fix  ft  G  (0,1].  Then  {(Y£’Ve,i/>£ ^{\^\<p/a(e)})}ee(o,e0)  is  u9ht  in  D([0,T\  : 
<h_gi)  x  B2((Mk,2(1))1^2))  and  any  limit  point  {ipif)  solves  (2.27). 

Proof.  In  order  to  prove  the  tightness  of  {Y£,v  }£etoj£0)  we  wiU  apply  Theorem  2.5.2  of  [48], 
according  to  which  it  suffices  to  verify  that: 

(a)  {sup0<t<T  ||U£’¥,£(i)||-lj}eg(o,£o)  a  fight  family  of  M+-valued  random  variables, 

(b)  for  every  f  G  4*,  {Y£’Ve  [</>]}£e(0,£o)  is  tight  in  L>([0,T]  :  M). 

Note  that  (a)  is  immediate  from  Lemma  5.3(b).  Consider  now  (b). 

As  in  the  proof  for  the  finite-dimensional  case  (see  the  proof  of  Lemma  4.5),  we  write  Y£'^e  = 
M e'lfE  +  +  B£,'fiE  4-  Sef  r  +  Ce,lf£ ,  where  the  processes  on  the  right  side  are  as  defined  in 

(4.15).  Fix  cj)  G  4>.  Using  Condition  2.11  parts  (b)  and  (e),  it  follows  as  in  the  proof  of  Lemma 
4.5  (see  (4.16)  and  (4.17))  that 

E  sup  \M£,<pS (s)[4>}\2  — >  0,  E  sup  \8[^  {s)[(f)\\2  — >  0,  as  £  — *  0.  (5.22) 

0 <s<T  0 <s<T 

Next,  by  Taylor’s  theorem  and  Condition  2.13(c)  , 

G(X£"e(s),yM  -  G(X°(s),yM  =  a(£)Dx(G(X°(s),yM)Y£^ (s)  +  (y,s) 

where 

\R£^’*(y,t)\  <  LDG{f>,y)a2{£)\\Y£^(t)\\2_q  (5.23) 

Hence 

B£^m\  =  I  Dx  ( G(X°(s),yM )  Ye«{8)v{dy)d8  +  £^<*{t),  (5.24) 

JXx  [0,i] 
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where,  from  (5.23),  Lemma  5.3(b)  and  Condition  2.13(c), 


IE 


sup  \S2 
0  <t<T 


£,ip 


\t)\ 


<  Ta(£)\\LDG((f>,- 


|iE  sup 

0<t<T 


I  Y£’V 


2 

-q 


0  as  e  — >  0. 


(5.25) 


Similarly,  using  Condition  2.13(a) 


Ae^(tM=  /  D(b{X\s)m)Y^\s)ds  +  £l'*e'*(t) 


where 


E 


sup  \£l'v  (t)| 
0<t<T 


0  as  £  — >  0. 


(5.26) 


Combining  (5.22)-(5.26),  we  have 

rt 


Ye^[t)[<t>]=£e'^'4,{t)+  I  D(b(X°(s))[(j)])Y£,tpS (t)ds 

+  f 


i  o 


!  Dx(G(X°(s),y)[(f>})Y£’Ve(s )  duT  + 

JXx  [0,t] 

=  ££^^{t)  +  +  C^’*(t) 


Xx  [0 ,t\ 


G{XQ{s)1y)[(t>\^£  duT 


(5.27) 


where  E[sup0<t<T  \££,<pe,^(t)\]  — >  0. 


Next,  from  Condition  2.11(b)  we  have  applying  Lemma  4.3  with  h  =  Mq  as  in  the  proof  of 
(4.24),  that  for  all  5  >  0,  t  €  [0,  T  —  5],  £  >  0, 

\C{^(t  +  £) [<j>\-  C{’v\t) [</>]|  <  (1  +  ?nT)||^||P(p(l)J1/2  +  i?(l)a(e)), 

where  p  and  d  are  as  in  Lemma  4.3  and  mr  is  as  in  (2.22).  Tightness  of  (•)[</>]  in  C([0,  T]  :  M) 
is  now  immediate. 


For  tightness  of  B\,tp  note  that  from  Condition  2.13(c),  for  all  5  >  0,  t  €  [0,  T  —  <5], 

£  >  0 

| Bl’^it  +  SM-Bl^itMl  <  [  \\Dx(G(X\s),y)imop,-qA\Y£^(s)\\-qdvT 

iXx  [t,t-\-6] 

<  H\\ qiM*DGS  sup  \\Y£^(t)\\.q. 

0  <t<T 

Tightness  of  Bf^  ( t)[4>]  in  C([0,T]  :  M)  now  follows  from  Lemma  5.3(b).  A  similar  estimate 
using  (2.23)  shows  that  (t) [(f)]  is  tight  in  (7([0,  T]  :  M)  as  well.  Combining  these  tightness 
properties  we  have  from  (5.27)  that  {T£,¥,e(-)[(/>]}£>o  is  tight  in  D([0,T]  :  M)  for  all  cj>  G  $ 
which  proves  part  (b)  of  the  tightness  criterion  stated  at  the  beginning  of  the  proof.  Thus 
{y£’¥,e(-)}£e(0i£o)  is  tight  in  D([0,T]  :  $_gi).  Tightness  of  {^el{\^\<p/a{e)}}ee(Q,e0)  holds  for  the 
same  reason  as  in  the  proof  of  Lemma  4.9,  i.e. ,  because  they  take  values  in  a  compact  set. 
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Suppose  now  that  {Ye,v  (-),  '0el{i-0ei<y3/a(e)})  converges  along  a  subsequence  in  distribution 
to  (77,  V7)-  T°  prove  the  result  it  suffices  to  show  that  for  all  (j>  G  •h  (2.28)  is  satisfied.  From 
Lemma  4.8,  Condition  2.11(b)  and  the  tightness  of  (i)[£>]  shown  above  it  follows  that 

Y£,<p\  [  G(X°(s),y)[(j)}ip£duT\  ->(??,/  G(X°(s),y)[(/)\'ipduT 

7Xx  [0,-]  )  \  jXx  [0,-] 

in  D([0,T]  :  <L_9l  x  R).  The  result  now  follows  by  using  this  convergence  in  (5.27).  ■ 


6  Example 


The  following  equation  was  introduced  in  [48]  to  model  the  spread  of  Poissonian  point  source 
chemical  agents  in  the  d-dimensional  bounded  domain  [0,  l]d.  The  time  instants,  sites  and 
magnitude  of  chemical  injection  into  the  domain  are  modeled  using  a  Poisson  random  measure 
on  X  x  [0,  T],  where  X  =  [0,  Z]rf  x  M+,  with  a  finite  intensity  measure.  Formally  the  model  can 
be  written  as  follows.  Denote  by  t£(uj),  i  €  N,  the  jump  times  of  the  Poisson  process  with 
rate  e_1i/(X),  where  v  is  a  finite  measure  on  X,  and  let  ( Ki,Ai )  be  an  iid  sequence  of  X-valued 
random  variables  with  common  distribution  vq  (dy)  =  v{dy)/v{X).  Let  £  >  0  be  a  small  fixed 
parameter  and  let  cq  =  fRd  1bc(o)(- v)dx,  where  for  y  6  Rd,  B^(y)  =  {x  G  Rd  :  \y  —  x\  <  £}.  Then 
the  model  can  be  described  by  the  following  equation. 

d  00 

~Qt u(t,x)  =  DAu(t,x)  -  V  ■  Vu(t,x )  -  au(t,x)  +  J2Ai(^)c^1  lB<.(Ki)(x)l^t=T.^y,  (6.1) 

i=  1 

where  for  a  smooth  function  /  on  Rd,  A /  =  Yh=i  0  anci  W  =  (0 1  •  •  • ,  0)',  01  6  (0,  00), 

D  >  0,  V  G  Rd  and  £  >  0  is  a  scaling  parameter.  The  last  term  on  the  right  side  of  (6.1) 
says  that  at  the  time  instant  Tj,  Ai  amount  of  contaminant  is  introduced  which  is  distributed 
uniformly  over  a  ball  of  radius  £  in  Rd  centered  at  Ki,  where  for  simplicity  we  assume  that  Ki 
a.s.  takes  values  in  the  £-interior  of  [0,  (see  Condition  6.1). 


The  equation  is  considered  with  a  Neumann  boundary  condition  on  the  boundary  of  the 
box.  A  precise  formulation  of  equation  (6.1)  is  given  in  terms  of  a  SPDE  driven  by  a  Poisson 
random  measure  of  the  form  in  (2.17).  We  now  introduce  a  convenient  CHNS  to  describe  the 
solution  space.  Let  p0(x )  =  e-2^=i CiXi,  x  =  (aq, . . . ,  Xd)' ,  where  c,;  =  i  =  Let 

BI  =  L2([0,  l]d,  p0(x)dx).  It  can  be  checked  that  the  operator  A  =  DA  —  V-V  with  Neumann 
boundary  condition  on  [0,  l]d  has  eigenvalues  and  eigenfunctions 

{_Aj,^j}j =0i,...jd)eNg  ’ 

where  Aj  =  Efe=l  >  tj  =  IlLi  tfj,  j  =  (ji,  •  •  -Jd), 


J IT  j 

— —  x  -f-  Ot.j 

t  J 


dj  =  tan  1 


J7T 

lCi 
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and 

A«=0,  \f=D(ji+(^j2y 

Note  that  {4>j}  forms  a  complete  orthonormal  set  in  H.  For  h  E  H  and  n£Z,  define 

ii''|i;  =  E<'i^j>h<i+aj)2” 

JEMS 

and  let 

4>  =  {(j)  E  H  :  ||J>||n  <  oo,Vra  E  Z}. 

Let  <5n  be  the  completion  of  BI  with  respect  to  the  norm  ||  •  ||n.  In  particular  4>o  =  HI.  Then  the 
sequence  {<!>„}  has  all  the  properties  stated  in  Section  2.4  for  4>  =  nnez^n  to  be  a  CHNS.  Also, 
for  each  n  E  Z,  {||  is  a  complete  orthonormal  system  in  <5n. 

We  will  make  the  following  assumption  on  v. 

For  some  5  >  0,  /  e5a~v(dy)  <  oo,  y  =  (x,  a)  G  [0,  l]d  x  M+.  (6.2) 

Jx 

Here  v  is  a  joint  distribution  on  the  possible  locations  and  amounts  of  pollutants.  We  now  de¬ 
scribe  the  precise  formulation  of  equation  (6.1).  In  fact  we  will  consider  a  somewhat  more  general 
equation  that  permits  the  magnitude  of  chemical  injection  to  depend  on  the  concentration  profile 
and  also  allows  for  nonlinear  dependence  on  the  field.  Consider  the  equation 

Xe(t)  =  x0+  f  b{X£(s))ds  +  e  [  G{Xe{s-),y)Ne~\dy,ds),  te[0,T], 

Jo  Jxx  [0,t] 

where  Ne  1  is  as  in  Section  2.1.  The  function  6  :  <F  — >  F  is  defined  as  follows:  for  and 

4>  E  4>,  b{v)[(f>\  =  bi(v)[<f>\  +  bo(v)[(j)\,  where  bi(v)[<f>\  =  v[A<j>\  —  av[4>]  and  bo  :  <F  — i ►  <F  is  defined 
by 

t 

bo(v)[4>]  =  Ki(v[rh],...,v[vm]Ki[<l>\>  x  E  <F,J>  E  T, 

i= 1 

where  K{  :  Mm  — >  M  and  {r/J}2,L1,  {C*}|=1  are  given  elements  in  <F  Also,  G  :  <F  x  X  — »  <F  is  as 
follows.  For  v  G  <F,  y  =  (x,  a)  G  X  and  <f>  G  $ 

G{v,y)[4>\  =  aGi{v)c7l  [  </>(z)p0(z)dz, 

J  Bc(x)n[o,l]d 

where  G\  :  <F  — >  M  is  given  by 

Gi(u)  =  Ko{v[ih},...,v[ym]),v  G  F, 

and  Kq  :  Rm  — >  M.  Equation  (6.1)  corresponds  to  the  case  bo  =  0  and  G±  =  1.  We  will  make 
the  following  assumption  on  {Ki}?_ Q. 
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Condition  6.1  (a)  For  some  Lk  £  (0,  oo) 

max  | Ki(x)  —  Ki(x') \  <  Lk\x  —  x'\,  for  all  x,x'  £  Mm. 
i= 0,...,£ 

(b)  For  each  i  =  0, K,  is  differentiable  and  for  some  Ldk  £  (0,  oo) 

max  | VKi{x)  —  VKi(x') |  <  Ldk\x  —  x'\,  for  all  x,x'  £  Mm. 

i=0,...,£ 

(c)  vQ{{x,a)  :  Bc(x)  C  [0,  Z]rf}  =  1. 


Suppose  that  xq  £  We  next  verify  that  the  functions  b  and  G  satisfy  Conditions  2.11 

and  2.13.  Choose  q  =  p  +  r  and  qi  =  p  +  2 r  where  r  >  0  is  such  that  (1  +  Aj)_2r  <  oo. 

Then  the  embeddings  <J)_p  C  and  &~q  C  are  Hilbert-Schnridt. 

We  first  verify  that  b  satisfies  the  required  conditions.  Clearly  b  is  a  continuous  function 
from  4>_p  to  4>_q.  Also,  for  v  £  <b_p 

\\bi{v)\\2_q  =  (*WJ]  -  avitf])2  =  +  a)2Wf])2  <  cx\\v\\2_p, 

jeNg  jeNg 

where  c\  =  supjGNd{(Aj  +  a)2(  1  +  Aj ) — 2 r }  and  the  last  inequality  follows  on  noting  that,  for 
n  £  Z,  ||(/>j ||n  =  (1  +  Aj)n. 

Also,  using  Condition  6.1(a)  it  is  easily  verified  that  for  some  C\  £  (0,  oo) 

H&oMH-p  <  Ci{\  +  ||u||_p)2,  for  all  v  £  4>_p.  (6.3) 

Combining  the  above  two  estimates  we  see  that  b  satisfies  Condition  2.11(b).  Next,  using  the 
observation  that  a  >  0  and  Aj  >  0  for  all  j,  we  see  that  2bi{4>)[6p<f\  <  0  for  all  (/>£<!>.  Also, 
using  (6.3)  it  is  immediate  that 

2 bG((j))[0p<t)\  <  C'i||^||_p(l  +  ||^||-p),  for  all  f  £  $. 

This  shows  that  b  satisfies  Condition  2.11(c). 

Once  again  using  the  nonnegativity  of  —A  and  a  we  see  that 

(u  —  u' ,  b\(u)  —  bi(u'))-q  <  0,  for  all  u,  u1  £  4>_p. 

Also,  by  the  Lipschitz  property  of  A*  (Condition  6.1(a))  we  see  that 

|| bo(u)  -  b0(u')\\-q  <  C2\\u  -  u'\\-q,  for  all  u,  u'  £  4>_p. 

Combining  the  two  inequalities  shows  that  b  satisfies  Condition  2.11(d). 
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Next  we  verify  that  b  satisfies  Condition  2.13.  Note  that  for  G  4>  the  map  <3?_g  9  v  i— > 
bi(v)[(j>]  G  R  is  Frechet  differentiable  and 

D(bi(v)[<t>])[rj]  =  r][A(f)\  —  arj[(j)\,  for  all  r]  G  4>_g. 

Thus  Condition  2.13(a)  holds  trivially  for  b\.  Also,  from  differentiability  of  Kj  it  follows  that 
bo(v)[4>]  is  Frechet  differentiable  and  for  r]  G  &-q 

i  m  rs 

d(W»)[«M  =  EE  . . .  ,v[rjm])r][rij\Ci[(t)]. 

i= 1  j= 1  1 

Using  the  Lipschitz  property  of  V/C  (Condition  6.1(b))  it  is  now  easy  to  check  that  bo  and 
consequently  b  satisfies  Condition  2.13(a)  as  well. 


Next,  for  v  G  <3?_p  and  r/  G  4>_q 


E  WiWWfDMI2  =  E  l’i[(-4“«Wj‘ll2  =  E(“  +  AJ)2(1  +  AJ)_2’'l’i['#'j,]l2  <  caIIdI 

jeNg  jeNg  jeNg 


(6-4) 

Also  using  the  linear  growth  of  VA)  (which  follows  from  Condition  6.1(b)),  there  is  a  Co  G  (0,  oo) 
such  that 


sup  lZ?(6o(^)[0j1])N|2  <  C3\\v\\ IU^f]|2- 


{r)e<l>-p:||«||-p<mT}  .' 


j6Ng 


i=1 jSNg 


Combining  (6.4)  and  (6.5)  we  get  that  for  rj  G  4>_g  and  4>  G  <3?,^ 


sup  \Av{rj)[4>\\2  <  ^  l(^^f)<?1|^(’?)[0j1]|  <  2(ca  +  C'4)||</>|| 

{t)e$-p:[F||-p<mT}  \jeNg 


(6.5) 


IM 


2 

-qi 


where  C4  =  Co  SjeFU  ICi[</>|1]|2-  This  shows  that  rj  1— ►  Av{if)  is  continuous  and  that  b 
satisfies  (2.23). 


Using  the  non-negativity  of  —A  and  a  it  follows  that  for  all  G  4>_q,  Aj(r/)  =  D (b\ («)[•] )[r]]  G 
satisfies 

{v,Al(ri))-q  1  <  0. 

Also,  from  linear  growth  of  DKi,  A®,(r])  =  D (bo (v) [•])[??]  G  satisfies,  for  some  C5  G  (0,oo) 

sup  (r],A®(r]))-qi  <  Cb\\r]\\2_qv  for  all  G  4>_g. 

{^e3>_p:|h||_p<mT} 

Combining  the  last  two  estimates,  for  all  r]1,r]2  G 

sup  (??!  ~V2,Av(r]1)  -Av(r]2))-qi  <  sup  (^  -  rj2,  A®^  -  rj2))-qi 

{^e<E>_p:||i;||  ~v<rriT}  {t'e$-p:||t)||-p<mT} 

<  CbWrn  -V2\\-qi- 
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This  verifies  (2.24). 

Next  noting  for  all  u  G  and  (j>  G  $  that  u[(A  —  a)(dq<f>)\  <  C6||u||-p||<^||_g  and  <f>[(A  — 
a)(9q(j))]  <  0,  we  see  that  for  all  u  G  4>_p 

sup  2 Al((j>  +  u)[0q(f)\  <  2C6\\u\\-p\\(f)\\-q. 

-p<rriT} 

Also,  using  the  linear  growth  of  VA)  we  see  that,  for  some  C7  G  (0,  00) 

sup  2A°(^)  +  u)[0q(/>\  <  C7m\-q  +  IMI-p)||</>|| -q,  for  all  u  €  ®-p,(f>  G 

{^e3>-p:|h||-p<mT} 

From  the  last  two  inequalities  we  have  (2.25). 

Conditions  for  G  are  verified  in  a  similar  fashion.  In  particular  note  that  for  ^  G  $0  and 
x  G  Rd  such  that  B^(x)  C  [0,  Z]d 

acJ1  \4>(z)\p0(z)dz  <  aC8\\(j)\\0l 

Jbc(x) 

where  Cs  =  7  sup2e[0j],j  p0(z).  From  this  it  is  immediate  that  for  some  Cg  <  00,  G  satisfies 

Condition  2.11  with  Mc(y)  =  Lg{u)  =  aCg,  y  =  (x,a)  G  X.  Note  that  in  view  of  (6.2)  Mq,  Lq 
satisfy  part  (d)  of  Condition  2.13.  Remaining  parts  of  this  condition  are  verified  similarly  and 
we  omit  the  details. 
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